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Abstract

The purpose of this thesis is to develop techniques for analyzing the limiting McKean-
Vlasov dynamics of interacting particle systems featuring singularities, and arising in
physics and mathematical finance.

We first investigate the asymptotic stability of unidimensional log gases under non-
convex confining potentials by establishing new Entropy-Wassertein-Information (HWT)
inequalities. Such gases are obtained as the mean-field limit of particles interacting via a
repulsive logarithmic potential.

Then, we establish the well-posedness of the supercooled Stefan problem with oscilla-
tory initial condition. This classical problem from mathematical physics is reformulated
using a probabilistic description of the free boundary as a cumulative distribution function
of the hitting time of a Brownian motion with a jumping drift.

Finally, we study the well-posedness problem of a class of bidimensional stochastic dif-
ferential equations (SDE), whose coefficients depend on the joint density of the unknown
process. This class of local stochastic volatility models is important for the calibration
of volatility surfaces. Additionally, we solve the long-standing problem of joint S&P

500/VIX calibration by using SDEs controlled by neural networks.
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Chapter 1

Introduction

In this dissertation, we are mainly concerned with the analysis of the mean-field limit of
unidimensional particle systems (XZ’N)tzo,lgigN, interacting with each other via a typical

dynamic of the form

N N
. 4 1 . 1 .
dx;N = b(t,XZ’N, v > :aXt,-,N> dt+a<t,X§’N, ~ > 5ngN> dBj, 1<i <N, (1.0.1)
j=1 J=1

where N > 1 is the number of particles, (Bf)tzo,lgiSN are i.i.d standard Brownian
motions. The specificity of such systems is the dependence of the drift coefficient b :
R, xR x P(R) — R and the volatility coefficient o : Ry x R x P(R) — R, on the aver-
aged field SVLo i, which models the interaction with other particles. Here P(R) is
the set of probability measures on R. The initial positions of the particles (X()i<;<ny are
assumed to be identically distributed and independent of each other and of the Brownian

motions.

The mean-field limit is obtained when N — oo, and is described by the so-called
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McKean-Vlasov stochastic differential equation (SDE)

(

dXt = b(t, Xt7 ,ut)dt + O'(t, Xt, ,ut)dBt,

P(X; € dz) = u(dx), (1.0.2)

KXt:O = X,

where the unknown is (X, pit)e>0, (Bt)i>0 is a real standard Brownian motion and X is a
real random variable of law Xé . Such equations, in which the dynamic is non-Markovian
and depends on the law of the underlying process, have various applications in physics,
mathematical finance, economics, biology and neuroscience (see e.g. [88], [87], [66], [17],
[34]). The convergence of the particle system towards the limiting problem ({1.0.2))
is formalized through the notion of propagation of chaos (see e.g. [68] and [106]). When
the propagation of chaos property holds, particles become asymptotically independent
and for fixed k > 1, the law Ly, N > k, of the process (th’N, e ,th’N)tzo, converges
towards the independent product £L® --- ® L, where L is the law of a solution (X;);>¢ to
(1.0.2).

On the mathematical side, the analysis of SDE ([1.0.2)) is challenging due to the lack
of regularity of the law (1):>0 of a solution and the non-linear aspect of the equation.
Indeed, if we impose that p;,t > 0 has a density p(t,-) and that b(¢, x, y;) and o(t, z, )

depend on p; via p(t, z), then p solves formally the quasi-linear Fokker-Planck equation

Op(t, x) = 50u0 [0°(t, 2, p(t, 2))p(t, )] — O [b(t, 2, p(t, 2))p(t, )], (t,2) € Ry xR,

p(0,z) = P(x), z € R,
(1.0.3)

where P denotes the density of the law of X,. When the coefficients b and o are Holder
continuous , the analysis of equation ([1.0.3) can be made using the classical results of
Ladyzhenskaya et al. [T7] (see e.g. [65]).

When b and o are more irregular, the lack of general theory forces us to exploit
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the specific structure of the equation at hand. In this work, we specifically address the
problems of well-posedness and asymptotic stability of equations of type (1.0.1),
and (1.0.3)), where the drift or the volatility exhibit singularities, by developing new
techniques. More specifically, we consider the problem of asymptotic stability of log
gases under non-convex external potential, the well-posedness for the supercooled Stefan
problem under oscillatory initial condition and the well-posedness of a local stochastic
volatility model. An additional chapter is dedicated to the more practical problem of

joint SPX and VIX calibration.

1.1 Asymptotic stability of log-gases

The first chapter is dedicated to the study of the asymptotic stability of the mean-field
limit of the generalized Dyson Brownian motions or log gases, defined as the system of

N > 1 interacting particles

X" =\ FwdB] + % Licjmian mggmdt — 5V/(XpM)dt, 1<i <N, L)

N _ +vi,N
XN = XN

(XZ’N)»OJQS ~ are the positions of the particles living in R and starting initially at the
i.i.d random variables (X7™)i<icn, (Bi)s0.>1 is a collection of i.i.d standard Brownian
motions, § > 1 is the Dyson index and V is an external confining potential, competing
with the repulsive force W (z — y) := —log |z — y|. When § =1,2,4 and V = 0, Dyson
proved in [32] that the ordered eigenvalues (X" < X2V < ... < XM)20 of N x N
Hermitian random matrices with real, complex or quaternion Brownian entries, solve
SDE . The present unidimensional model is therefore closely related to the random
matrix theory and the study of the Gaussian Orthogonal Ensemble, Gaussian Unitary
Ensemble and Gaussian Symplectic Ensemble. The extension of the model to higher
dimensions, called the Coulomb gas model, is fundamental in understanding the physical

phenomena of vortices in the Ginzburg-Landau model [102].
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The existence of particles (X} );>01<i<n is a priori not obvious due to the singularity
of the interacting Coulomb force W. In a recent paper [82, Theorem 1.1], Li et al.
proved that if V' € C1(R) and under non-restrictive assumptions on V', the collision time
T:=inf{t >0: 3i+#j X'V = X"} is almost-surely infinite for initial conditions
X0V < X3V <o < XN and that the stochastic differential equation (SDE) (T.1.1)
has a unique strong solution defined at all times. They established that the mean-field
limit of the empirical measure (ul );>o = (% SV 5XZ,N> solves the non-linear and

t>0
non-local Fokker-Planck partial differential equation (PDE)

() = 0, (ut(x) (%V’(a:) - Hut(a:))) (o) €0, T] xR, (1.1.2)

with initial data po(dr) = P (XY € dr) and where H is the Hilbert transform. In the

case of quadratic potential V (z) = %, this result was proved in [9§].

Under mild assumptions on the growth of V' (see [12] and [101]), this equation can be

seen as the gradient flow of the entropy

D)= [ Vhtdn) =5 [ ozl —sln(de)n(ay). (1.13)

2 RxR

for which there exists a unique minimizer puy .

A natural question is to study the convergence of (u;);>o towards the equilibrium
measure py. Under strong assumptions on the convexity of V' - which are natural in
the context of a gradient flow - Li et al. [82, Theorem 1.8] established the exponential
convergence of (1;)>o towards py, with respect to the Wasserstein topology, whose metric
is denoted W5. A similar result, obtained under weaker convexity assumptions, was

established in [80, Theorem 2].

Both results rely on the Bakry—Emery strategy, which is a powerful tool to quantify the

rate of convergence towards equilibrium by deriving inequalities between the functionals

4



Y, Wa(+, py) and the entropy dissipation, defined by

D= [ |

In the simpler context of the well-understood overdamped Langevin dynamics, if we

2

V'(z) — Hu(z)| p(dz). (1.1.4)

assume [exp(—V(z))dr = 1, then the Gibbs state py(dz) := exp(—V(z))dz can be

simulated by running for long times the process
1

This equation can be interpreted as the gradient flow of the relative entropy H with

respect to py

+J log (dx) it p1 is absolutely continuous with respect to py ,

H(p) =
~+00 otherwise,

(1.1.6)

whose minimizer is the Gibbs measure. Here

denotes the Radon-Nikodym deriva-
tive of p with respect to py. Under the assumption that V(z) — na? is convex for some
n > 0, the exponential stability towards py of the laws (p;);>o of the solution to SDE

(1.1.5) has been established in [7]. This was achieved by proving the logarithmic Sobolev

inequality
H(p) < al(pr), t 20, (1.1.7)
where I is the Fisher information I(p;) := —4H(p;) = L [|0.p:(2)|?pe(dz), and the
transportation inequality
Wa(pe, pv)® < co(H(pe) — H(pv)), t > 0. (1.1.8)

In and - the constants ¢y, co > 0 only depend on 7.

For the log gases (|1.1.2)), corresponding logarithmic Sobolev and transportation in-

bt



equalities were established in [80] and [82], taking into account the technical difficulty of
the nonlocal nonlinearity of the interacting potential W. Both results require the con-

vexity of potential V' and fail to capture the important case of the double-well potential

4 2

Vyelz) == g% + c%, reR, g>0, c<O. (1.1.9)

Near the origin, V', < 0 and the convexity assumptions of [82] and [80] are not satisfied.

The main result of Chapter I is the derivation of a new version of the so-called Entropy-
Wasserstein-Information inequality (HWI) that allows establishing exponential stability
for the double-well potential V. when —c > 0 is small enough. It answers partially
Conjectures 7.2 and 7.3 [82] that predict exponential stability towards py for all ¢ €
[—2,0). We also answer positively to the Conjecture 7.3 [12], regarding to the stability
for the non-confining potential V' when g < 0 and ¢ > 0.

1.2 Well-posedness of the supercooled Stefan prob-

lem

In the second chapter, we study the well-posedness of the mean-field limit of the system
of N > 1 particles

.

XN =X +Bi—AY, t>0,

mn =inf{t >0: XN <0}, (1.2.1)

N _ 1 N
\At - N Zz‘:l 17’¢,N§t7

where (X! )i<j<n are i.i.d. real positive random variables and (Bj)i>01<i<n are 1.i.d
Brownian motions. This model appears, under various forms, in the modeling of inter-

bank risk ([91], [92]), the study of probabilistic growth models [29], and models from

computational neuroscience ([26],[25], [100]).
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The mean-field limit of (1.2.1)) is the McKean-Vlasov SDE

;

Xt:X0—+Bt—At, tZO,

7:=inf{t > 0: X, <0}, (1.2.2)

AN=P(r<t), t>0.

\

A singular aspect of SDE ([1.2.2)) is the necessity of jump discontinuities in the frontier A
under generic initial conditions. The solutions minimizing the jump sizes are the so-called

physical solutions and satisfy the physicality condition

A=A =inf{z>0:P(r>t X,- € (0,2]) <z}, t>0. (1.2.3)

After explosion times, the front A is typically only 1/2-Hélder, and therefore the
difficulty of analyzing SDE ([1.2.2)) is dual. Aside of the inherent difficulty of fixed-point
problems, due to the McKean-Vlasov nature of the equation, understanding the dynamics
of (X¢)i>0 and (A¢)>p amounts to understanding the hitting time of a highly singular

moving boundary by a positive Brownian motion.

Besides the aforementioned applications of such model, SDE (|1.2.2)) was demonstrated
to be a powerful tool to reformulate the supercooled Stefan problem (see [28],[79]). This
classical problem from mathematical physics formalizes the dynamic of the freezing of

supercooled liquids, and is described by the free-boundary problem

/

Owu(t,x) = %c%mu(t, x), x >N, t>0,

u(0,2) = f(z), >0 and wu(t,A\y) =0, t>0,
(1.2.4)

At - %axu<t7x+)|x:/\t7 t >0,

where u is the negative of the temperature of the liquid relative to its equilibrium freezing

7



point, f is the initial profile of temperature and the free boundary A describes the location
of a liquid-solid frontier over time. Formally, one can check that if Xy- has density f and
(X4)i>0 is a solution of SDE (1.2.2), then the law u(t, z)dx of (X;+ A;)1,>; gives rise to a
solution of PDE ([1.2.4). While the existence of a solution to has been established
only locally (see [69], [104]) - until the explosion time T' > 0 such that lim, ;<7 A, = +00
- reformulation allows the definition of global solutions.

The present boundary problem describes the supercooled Stefan problem on the real
line and one phase. A similar formulation to probabilistic formulation can be
written for higher dimensions and multiple phases (see [44],[5]).

If the initial condition X,- has a density f that changes monotonicity finitely many
times over compact intervals, Delarue, Nadtochiy and Shkolnikov proved in [2§], the
uniqueness of a strong physical solution for SDE and provided a full analysis of
the regularity of the front (A¢):>o.

The main result of Chapter II is the proof of uniqueness of physical solutions for oscil-
latory initial densities that violate the monotonicity condition. We use a new contraction
argument that replaces the local monotonicity condition of [28] by an averaging condi-
tion. We prove that this condition is satisfied by a fairly general class of oscillatory initial
densities, which can be described as the almost sure trajectories of stochastic processes.
The motivation of this work is the existence of natural oscillatory initial densities arising

in continuum limits of interacting particle systems (see [29], [74]).

1.3 Well-posedness of a local stochastic volatility model

In the third chapter, we investigate the well-posedness of the local stochastic volatility

(LSV) model
s, [ ro)

St = Waloc(t, St)dBt, tZ 0, (131)

in the context of calibration to European call options (C(t, K))i>o0x>0- Here (Si)i>o

designs the price process, (B;)i>o is a Brownian motion, (Y;):>o is any adapted Lévy-1t6

8



process, potentially correlated to (B:)i>o, f : R — Ry is a positive smooth function and

Oloc 18 the Dupire’s volatility given by

20,0(t, K)

Oloc(t, K) 1= RO EK)

(1.3.2)

The main motivation behind the particular structure of SDE ([1.3.1]) is that according
to Gyongy’s theorem [57], for a solution (S;);>0, the fixed-time marginal distributions of
(S¢)e>0 are independent of f and (Y;)i>0, and are given by the marginal distributions of

the local volatility model dS°¢ = gy,.(t, Si°¢)S}°d B; with initial data Sp.

This property explains the interest of the quant community in considering SDE (|1.3.1))
as a powerful class of models to solve calibration problems. Indeed, model is
already calibrated to implied volatility surfaces, and one may use the degree of freedom
given by the process (f(Y:))i>o0 to jointly calibrate instruments depending on the whole
process (S;);>0 to market data, consistently with the vanilla option market. For example,
model may be - at first sight - a good candidate for jointly calibrating SPX
options and VIX options, or generating forward skew coherently with the market implied

volatility surface.

Among other methods (see [53]), practitioners solve numerically SDE ((1.3.1]) by ap-

proximating it with the system of M > 1 interacting particles

dsp™ | PO S0 W (S — S
spM M F(Y YWy, (SN — S

o(t, SPM)dBE, (1.3.3)

where the particle (S"M Y4M), . 1 < i < M, starts initially at (5™, Yy™) and
— L - . . . . _ .
(Wsp )m>1 = <5MW <5M)>M>1 is a family of smoothing kernels, converging - in the
sense of distributions - towards the Dirac mass dp, when M goes to infinity.
However, on the mathematical level, the well-posedness of SDE ([1.3.1]) and the prop-
agation of chaos of system ((1.3.3) is still an open problem and only partial results were

obtained.



Let X :=log S and let’s assume that (Y;);>0 is a diffusion satisfying

dY, = b(t, Xy, Y,)dt + oy (t, X, Y,)dB, (1.3.4)

where (Bj);>0 is another standard Brownian motion with correlation p € [—1,1] with
(By)iso and b: Ry x Rx R — R and oy : Ry x R x R — R, are the drift and volatility

coefficients of Y.

The non-linear and non-local Fokker-Planck PDE solved by the joint density of the

process (Xy, Y;)i>0 can be written as

owp(t,x,y) — Lpp(t,z,y) =0, (t,7,y) € Ry x RX R,

(1.3.5)
p(0,z,y) = P(z,y), (z,y) e R xR,
where L, is the non-linear elliptic operator of the second order
1 ffp(',‘72)d2 1 2 ffp('7'72>d2
Lyu = =0, —0 Oy
o=y [t it 3 o] o0 e (136)

ffp('a '7Z)dz
J F@)p(, -, 2)dz

—l—%@x [ u] — 9, [bu], ue C*?(R, x R x R).

Jourdain and Zhou proved in [67] the existence of a weak solution to SDE ([1.3.1)) when
(Y:)1>0 is a continuous-time Markov chain taking finitely many values and the range of
f is small enough. This last condition echoes the result of Abergel and Tachet[2], who
proved by a perturbation argument the existence of a strong solution to PDE (1.3.5)),
under the condition that sup,cg |f”(y)| is small enough. In [53, Section 11.3], Guyon
and Henry-Labordere witnessed in their numerical experiments, the divergence of various
approximation algorithms of SDE (1.3.1)) if the range of f is too large, hinting the non-

existence of solutions or numerical instability of the algorithms.

The main objective of the third chapter is to establish the existence of a strong solution

10



to a regularized version of SDE (|1.3.1):

/

_ 1 e+Hf()p(t,Xy) 2 e+f(YV)p(t,Xs)
X = —s o ? (1 Xe) dt + \/s+E[f rorcsaldCROLES

P (X, € dx) = p(t, z)dz, (1.3.7)

Xi—o = Xo,
\

where Y is a discrete random variable taking finitely many values and ¢ > 0 is a fixed
regularization parameter. The main benefit of this regularization is that the calibration
property is conserved - fixed-time marginals are still given by the local volatility model.
Under the natural condition that the range of f is small enough, we prove the existence of
a unique strong solution to SDE problem . In addition, we prove the propagation
of chaos for the associated particle system. While weak existence has been established in
[67], well-posedness of and the propagation of chaos result are out of reach due to

the lack of regularity of the solution.

1.4 Joint SPX/VIX calibration

In the last chapter, we leave the field of McKean-Vlasov equations and consider a more

practical, yet difficult, problem arising in the topic of calibration and address the joint

calibration of S&P 500 and VIX.

The VIX being defined as the forward realized variance of the SPX over one month
and the market of VIX options - used to hedge against market uncertainty - being liquid,
one may be naturally interested in finding a model calibrating jointly both instruments.
The use of joint calibration model rules out the possibility of arbitrage between actors
trading SPX and VIX options. Moreover, such models are necessary to give the fair price
of payoffs involving simultaneously SPX and VIX options. Nevertheless, since the opening

of VIX trades in 2006, this problem has been puzzling researchers and practitioners.

In the context of one-factor Markovian LSV, the problem can be stated as follows.

11



Denote (X¢):>o the log-price of the SPX and (Y;):>¢ another process driving the volatility
of (X¢)i>0, and consider the controlled SDE

dX, = —10%(t, X, Yy)2dt + 0% (t, Xy, V;)d By,
dY, = p$(t, Xy, Yy)dt + o5 (¢, X4, ;) (0 (8, X4, Yy)d B} (1.4.1)

+ \/1 - pa(t’ Xt7Yt>2dBt2)7

where (B});>o and (B?);>0 are two independent Brownian motions, o € R, d > 1 is the
control parameter, 0% is the volatility of the log-price, p§ is the drift of ¥ and of the
volatility of Y, and p® is the correlation between the two Brownian motions driving the
dynamics of X and Y. In this Markov model, with classical notations, the VIX?® at ¢t > 0
is given by

1 t+1
VIX? = _/ E [0% (s, X, Y2)?| X, Vi) ds, (1.4.2)
T Ji

365

where 7 = 2% (30 days). VIX call options are written as E [(x/VIXf — K) } L, K > 0.
+

Model (|1.4.1)) is said to be jointly calibrated to the market if the SPX and VIX smiles,
and SPX and VIX futures, computed in the model, match closely given market data at

multiple maturities.

The first attempts to solve the problem were using traditional parametric continuous
time models (Heston[36] , Bergomi [63], CEV [38]) but failed to mediate the large negative
skew of short-term SPX options and the low level of VIX implied volatilities. More
general models incorporating jumps were therefore considered [73],[96], [§], [92],[97], but

the calibration results were not satisfactory.

In more recent years, different approaches were used to solve the problem. Guyon was
the first to calibrate exactly to SPX and VIX smiles by formulating the calibration as
a martingale optimal transport problem [46]. The discrete time model of [46] was later
extended to continuous time [47] and an efficient calibration method was derived in [51].

A similar but more general approach was used by Guo et al. in [42].

Parametric continuous stochastic volatility models were shown to calibrate jointly

12



SPX and VIX options. In [62], the authors calibrate a ”quintic Ornstein-Uhlenbeck
volatility model”, with few parameters. In [22], signature based models were used to
solve the problem.

Our solution to the problem of joint calibration is part of the continuous modeling
approach. We used neural SDEs, which are natural extensions of neural ODEs to the
context of modeling of probabilistic physical dynamics. Neural ODEs - introduced in [19]
- are ODEs of the form ¢’ = F(t,y) where F' is a neural network, and can be seen as the
continuous limit of specific neural networks (among which residuals networks, recurrent
neural network) whose inner state transformation operations can be written as a step of
the Euler method. Neural SDEs are SDEs whose drifts and volatilities are modeled as
neural networks.

The key benefits of such models are the expressive power of neural networks, and the
efficiency of the available training algorithms [84), [I11], [108], [70].

In Chapter IV, the family of models , where 0%, 0%, uy and p® are neural net-
works and with weights controlled by «, is shown to fit jointly market data for maturities
spanning over 8 months (and including short maturities). Stochastic gradient descent and
backpropagation are used to solve the calibration problem, written as the minimization
of a suitable loss.

We observe numerically that the joint calibration model is actually a pure path-

dependent volatility model confirming the findings in [45].

13



14



Chapter 2

Trend to equilibrium for granular
media equations under non-convex
potentials and application to log

gases

The present chapter studies the extension of stability results proved for the granular

media equation

o=V - {w (%v W M)] (2.0.1)

to non-convex potentials. The unknown p is a time-dependent probability measure on
R? V : R? - R is an external potential and W : R? — R is an interaction potential.
The non-local and non-linear partial differential equation (2.0.1) is the formal gradient

flow of the entropy

D) =5 [ Ventdn) 5 [ W= (et (2.02)



whose dissipation is defined as

D= |

Under the two sets of assumptions D?V > 2\ and D?*W > 0 or D?V > 0 and

2

p(dz). (2.0.3)

1

D?W > X, for some A > 0, Carrillo et al. established in [I8] the celebrated HWI
inequality

£(00) ~ Slpr) < VDl Walpo, p2) — 5 Walpo 1) (2.0.9)

W5 being the Wasserstein distance and py, p; having finite entropy and belongs to Mo,
the set of probability measures with finite second-order moment. This inequality implies
successively a transportation inequality, a log-Sobolev inequality and exponential stability

with respect to the Wasserstein distance towards a minimizer ., of the entropy

WZ(,Uta ,uoo) < \/2 (Z(NO> ; E(:uoo))e—/\t’ Vit > 0. (205)

The primary aim of this paper is to extend this method to non-strictly convex po-
tentials. More precisely, we allow V' to be non-convex near the origin, according to the

following assumptions.

Assumptions 2.0.1. There exist o, 3,7, > 0 such that the C* potentials V, W satisfy
(A1) D*V(x) > —p for x € R,

(A2) D?V(x) >« for |z| >,

(A3) V is symmetric: V(x) =V (—z) for x € RY,

(A4) W is convex and D?*W (x) > v for |z| < 2r,

(A5) W is symmetric: W (z) = W(—z) for x € R%.

Under those assumptions, we prove the following

16



Theorem 2.0.2. Assume that Assumptions [2.0.1] are satisfied. Let py,py € Mo with

finite entropy. Define

P, = max < /| _ l) /| . pl(dx)> | (2.0.6)

If po and py have the same center of mass, then

S(0) — (o) < VDlpoWaln, 1) — 5 Walrw, 1) 20,7

where the constant X\ is given by

min (o, 2y — )
2

A:

— 2vP,. (2.0.8)

If po and py are symmetric, then holds with the better constant \:

5 — min (o, 27(12— 2P,) — ) ' (2.0.9)

Remark 2.0.3.

(i) The method of establishing HWI inequalities is not the only one to derive stability
rates. We can cite the strategy of Bakry-Emery [6], which consists of computing
the dissipation of the entropy dissipation or the method of characteristics or even
ad-hoc computations similar to what is done in [81)]. In any case, the computations

turn out to be very similar.

(1) HWI inequality 15 slightly different from usual HWI inequalities, because A
depends on pg and py through their tail probabilities. Therefore, application of our
modified HWI inequality requires beforehand uniform bound of those tail probabili-

ties, by uniformly bounding the moments for example.

(#1i) Our proof relies heavily on exploiting the convexity of W, which requires the as-
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sumptions of a fixed center of mass or a symmetric initial data (see Theorem 2.2

[18] for example or [13] and [T])]).

(iv) Consider the internal energy U

i) = [ Ulla)utdo) (2.0.10)

where U : R} — R satisfies the dilation condition that X € R%. — XNU(A™?) is
convez and non-increasing. The conclusions of Theorem [2.0.9 hold with the same

constants for the entropy

= U(p) + X(p). (2.0.11)

Typically for U(p) = plog p, our approach can be used to prove exponential stability

of McKean-Viasov diffusions under non-convex external potentials (see [107]).

In the same fashion of Theorem 2.3 [I§], we investigate the case of V' convex (but not

strictly convex) and W degenerately convex at infinity.

Assumptions 2.0.4. V and W belong to C*(R?) and C*(R¢—{0}) respectively and there

exist positive constants ¢ and n such that
(B1) D*V(z) >0 for x € R%,
(B2) D*W (z) > % for v € RY —{0}.

|z

Under those assumptions and additional technical Assumptions [2.3.1] postponed to

Section [2.3] we prove the following

Theorem 2.0.5. Assume that Assumptions|2.0.4| and|2.3.1| are satisfied. Let py, p1 € Mo

with finite fourth moments and finite entropy. Define

m = max (4@ |z|* po(dz), /Rd |x|4p1(dx)). (2.0.12)

18



Then, there exists a constant C > 0 depending only on m, ¢ and n such that the following

HWI inequality holds

2(p0) — E(p1) < v/ D(po)Wa(po, p1) — CWalpo, p1)"*. (2.0.13)

This variant of the HWT inequality (2.0.7]) implies algebraic stability, meaning
C

The second contribution of this paper is the application of the previous results to
log gases. Those gases are obtained by taking W = —log| - | in the unidimensional case

d = 1. It leads to the Fokker-Planck equation

Lo

where H denotes the Hilbert transform. The logarithmic potential has a singularity at
the origin and is only convex on the half-lines R’ and R*. Because of these difficulties,
the previous theorems do not apply directly and the derivation of the analogue of
is more involved. This is the purpose of Theorem [2.0.6] which extends the application of

HWI inequalities to log gases.

Theorem 2.0.6. Let V be a C* symmetric potential satisfying Assumptions (Al1)- (A3)
and let W = —log| - |. Then the conclusions of Theorem hold for probability mea-

sures with density in L*®(R), with v = 1.

This result and its proof have two main applications. The first concerns log gases under
a general convex potential V. Under appropriate growth assumption of V', ensuring the
existence and uniqueness of the minimizer of the entropy uy, we prove that any solution
converges towards py at a square root rate. The definition of a solution to (2.0.15)) is

given afterwards in Section
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Theorem 2.0.7. Let V be a C? convex potential satisfying growth Assumptions .
Let py be the unique minimizer of the entropy and ()0 be a solution of . Then

we have algebraic stability towards p

WQ(:U“t?,uV) S ) Vi Z 17 (2016)

SlQ

for some constant C' > 0.

To our knowledge, in the case of log gases, the weakest assumptions required for an
explicit equilibrium were strict convexity at least away of the origin (see [81]). Our result
weakens this assumption, the cost being a slower rate.

The second application of Theorem [2.0.6] concerns quartic potentials V', defined by
Assumptions 2.0.8. For some constants g,c € (—00,0), (C1) or (C2) is satisfied
(C1) V(z) =2 +cZ fora €R,

(C2) V(x) = 9%4 + %2 for x € R.

For ¢ < 0, quartic potential (C1) is non-convex and does not fall under the scope of
the work of Ledoux and Popescu [81]. After deriving moment estimates (which already
imply stability and provide a simple proof to Theorem 1.1 [30]), we apply Theorem [2.0.6]
to derive an exponential stability rate towards the unique minimizer uy of the entropy,

for solutions with a fixed center of mass or with a symmetric initial data.

Theorem 2.0.9. Let c € ( and V' be defined by (C1). Let (u)e>0 be a solution

1
_4m’0)
of with a fixed center of mass and finite fourth moments. Assume that the
moment condition
—c+ V2 +4

2 )

/R:UQuo(dx) < (2.0.17)

is satisfied. Then (ut)i>0 is exponentially stable towards py with respect to the Wasser-

stein distance

W2(/vbt7/va) < \/Q(E(MO) ; E(MV))e—At7 vt > 0. (2018)
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The rate X\ is given by

1 c
A= + = > 0. 2.0.19
16 (—c+vVc2+4) 2 ( )

Similarly, if ¢ € (—L 0> and if (pt)iso is a solution of (2.0.15) with finite fourth

NGE

moments and a symmetric initial data pg, then under the same moment condition, (u)i>o

1s exponentially stable towards py with respect to the Wasserstein distance with rate A

gien by
A= ! + 550 (2.0.20)
2(—c+Ve2+4) 2 ' o

The assumption of a fixed center of mass or a symmetric initial data are required to
exploit easily the strict convexity of W. It leads to tractable computations and exact
numerical values. We are able to relax those assumptions in the following theorem, and
assume only lower-bounded second moments for the initial data. We prove exponential

stability under weaker assumptions but only for ¢ € (c*,0) with ¢* ~ 1079,

Theorem 2.0.10. There exists ¢* < 0, such that if ¢ € (—c*,0) and if (ut)i>0 is a solution

of with finite sixth moments and initial data satisfying

(_C+jm>4 < /feruo(dI) (2.0.21)

and

/x4,u0(d:v) < <_C+ ”202 i 12) , (2.0.22)

then (put)i>0 is exponentially stable towards the equilibrium puy .

For g < 0, a new difficulty arises due to the fact that the quartic potential (C2) is

neither convex nor confining. Nevertheless, we manage to establish exponential stability

for g € <— 5 1+; 575 O) and for well-defined solutions. This result is stated in the following

theorem and answers a conjecture formulated in [12] (see Conjecture 7.3 [83] as well).
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Theorem 2.0.11. Let g € <—m, O) and m > 0 satisfying

m < \/—@ - = 3. (2.0.23)

Let ug be an initial measure with supp(po) C [—m,m|. Then any solution (u:)i>o of
with quartic V. (C2) is well-defined and converges exponentially towards a sta-

tionary measure [l

WZ(Mt?/’LOO) < \/2 (E(NO) ; E(Mm))ef)\t, Vit > 0, (2.0.24)

with rate A given by

= % [1+3g (m2+\/i__g—l—3)} > 0. (2.0.25)

Moreover, s s a local minimizer of the entropy

supp(p) C (—\/m2 + \/i—_g + 3, \/m2 + \/i—_g + 3) = Y(leo) < X(p), (2.0.26)

for all € M.

The chapter is structured as follows. In Section [2.1] we recall some preliminary facts
collected from [I09] and [I§], and we introduce notation. Section [2.2| contains the proof
of Theorem and its corollary concerning stability of solutions. In Section we
establish the proof of Theorem [2.0.5 and its implications. In Section [2.4] we consider log

gases and prove Theorems -[2.0.11] The appendix gathers auxiliary proofs.

This chapter is based on [89].
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2.1 Preliminaries and notations

In the whole paper, we denote by M the set of probability measures on R?, and we define
forp>1

M, = {u eM: 2P u(dz) < oo} . (2.1.1)

zcR4

We recall the definition of the Wasserstein metric W5 on Ms

1/2
Wz(po,p1)=[ inf / Ix—ylzv(dx,dy)] ,
R4 x R4

v€T (po,p1)

where I'(pg, p1) denotes the set of couplings between py and p; (see [109]). According to
Brenier Theorem, if py and p; have a density, there exists a unique optimal transport
map T = V¢, gradient of a convex function ¢ : RY — R, pp-almost everywhere, such that

p1 is the push-forward measure p; = T'#py and such that

(0o, 1) [/‘m— @ Plde)] (2.12)

Recall from [86], that a functional F' : My — R is said to be displacement convex if
s — F(ps) is a convex function, where (ps)scoq] is the geodesic in (M, W5) joining po
to py:

(pe)scton = (1 — $)Id + sT1#p0)cio (2.1.3)

Strict displacement convexity is a stronger property, which plays a crucial role in
establishing equilibrium rates. The key to derive a HWI inequality is to prove that 3 is

A-strictly convex along interpolation ([2.1.3)):

2

d
@E(ps) > AWa(po, p1)*, 0 < s < 1.
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We denote V and W the functionals

1
VipeM— - | Viz)u(dr),
2/ (2.1.4)

W:ipeM— %// W(z — y)pu(dx)pu(dy).

We define (u:)i>0 € C (R4, M) as a solution of (2.0.1) with initial data pg if for
all t > 0, p; has a bounded density, that we shall denote p;(z), such that VW % p; €

LOO

loc

(R+ X Rd) and

/¢th — /¢>du0 = —/Ot ds/ng -V (%V+ W MS) ds, Yo € CP(RY),  (2.1.5)

where C5°(R?) denotes the space of smooth and compactly supported test functions.
Finally, we end this section by recalling that Proposition 2.1 [I8] ensures existence
of solutions to (2.0.1)), under additional technical assumptions concerning the regularity

and the growth at infinity of the C? potentials V and W, and establishes the dissipation

property

d
25 (0) < =D(pr), Wt > 0, (2.1.6)

for (p1:)e>0 a solution. Moreover, it is straightforward to prove that ¥ and D are lower
semi-continuous for the weak topology. In Section [2.2] we assume that those technical
assumptions are satisfied. However, potentials W, as in Theorem are not C? and
Proposition 2.1 [I8] cannot be applied. As the purpose of this work is not to prove the
dissipation property nor to discuss the existence of solutions, additional assumptions will

be therefore assumed to guarantee the validity of Proposition 2.1 [I§].

2.2 Proof of Theorem [2.0.2

Proof of Theorem[2.0.2, The main difficulty is to alleviate non-convexity of V' near the
origin with the strict convexity of W, and conversely to use the strict convexity of V'

outside a neighborhood of the origin to alleviate non-strict convexity of W near the
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origin.

Let pg, p1 € My with finite entropy and the same center of mass. Let T' be the optimal
transport map from py to p; described by (2.1.2)). Consider interpolation ([2.1.3]) between

po and py given by (ps)sepoy- Set O(x) = T'(x) — 2. In these circumstances, we have

Walpor)? = [ 100 palce)

and

[ t@pdn) = [ fa+ so()pm(aa)

for all measurable bounded functions f.

The function ¢ € [0,1] — X(p;) is twice differentiable (see [I8, Section 4.1]) and

Taylor’s formula applied between 0 and 1 gives

S(o1) — S(o0) = (o), (2.2.1)

1 d?
S(ps) + 5

for some s* € (0, 1). Following computations of [I8, Section 4.1}, we find for all s € (0, 1)

% OE(PS) > =/ D(po)Walp1; po) (2.2.2)
and
j—sz2<P8> > % / (D*V(x + 50(x)) - 0(x), 0(x) ) po(dz)
@231
1 2
T3 /de (D*W(z —y+s(0(x) — 0(y)) - (0(z) — 0(y)),0(x) — 0(y)) po(dx)po(dy) -

J/

22.312)

(2.2.3)
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On the one hand, we have using Assumptions (A1) and (A2)

o B
2.2.31) > E/ 10(z) 2 po(dz) — 5/ 10(z) | po(dz). (2.2.4)
|z+s6(x)|>r |z+s8(x)|<r

On the other hand, under (A3)

N | —

2232) > / (D*W (2 —y +s(0(x) — 0(y))) - (0(x) — 0(y)), 0(x) — (y)) po(da)po(dr)

|z+s0(x)|<r
ly+s0(y)|<r

N / (16()2 + 16() [ — 2(6(x), 0(1) ) pold) poldy)

|z+s6(x)|<r
ly+s0(y)|<r

>

N | —

>y [ omide) [ @ -0 [ swm(a

|z+s0(x)|<r |z+s0(x)|<r |z+s0(z)|<r

(2.2.5)

Using the fact that [p, zpo(dz) = [pa xp1(dz), we can write
/ 0(x)po(dr) = — / 0(x)po(dx) (2.2.6)

|z+s0(z)|<r |z+s0(x)|>r
and by Cauchy-Schwarz inequality
2 2
[ @) =] [ @)
|z+s6(x)|<r |z+50()|>r (2.2.7)
<y [ s [ @Rl
|z+s0(x)|>r |z+s60(x)|>r

The first integral in the left hand-side is equal to f\x|>r ps(dx), and therefore combining
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estimations ([2.2.5)) and (2.2.7)), it follows

2.2.3.2)27[(1—/%(@1@) / 10(2)[2po (d)

|z|>r |z+s0(x)|<r

(2.2.8)
= [ odany [ 1o Pt
lz|>r |x+s0(x)|>r
Noticing that for s € [0, 1]
[ ootan< [ pns [ )
|z|>r |z|>r |T(z)|>r
Z/ Po(dI)+/ p1(dz) (2.2.9)
|| >r || >r
< 2P,
we conclude from (2.2.3)), (2.2.4)), (2.2.8]) and (2.2.9), by setting
min (o, 27 — )
- — 9P
A 5 vP,
that
d2
5| S0 =2 [ 0@Em(de) = Walor. o) (2.2.10)
Combining (2.2.1)), (2.2.2)) (2.2.10)), yields
A
X(po) — X(p1) < v/ D(po)Wa(po, p1) — §W2(PO,P1)2- (2.2.11)

In the special case when py and p; are symmetric, we observe that the quantity ([2.2.6))

vanishes. Indeed, define

A={zeR": |(1-s8)z+sT(z)| <r}
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and
o= [@-T@mln) = [ b@y(ds)
A
|z4s0(x)|<r
From the uniqueness of the optimal transport map 7', the symmetry of p, and p; and

the fact that Wa(po, p1)? = [ga(z + T(—x))?*po(dx), we see that the map T is odd. Con-

sequently, A is a symmetric domain and z — x — T'(x) is odd. Therefore, ¢ = 0 and

holds with
min (a, 27(1 —2P,) — B)

A
2

We derive the following asymptotic behavior and inequalities from ([2.0.7]).

Corollary 2.2.1. Assume that Assumptions [2.0.1] are satisfied and that ¥ is lower-
bounded. Let (pt)i>0 be a solution of with a fived center of mass. Define

P, = sup/ p(dx) (2.2.12)
20 Jz|>r
and assume that
. oy
)= (O"z =8 _9p 0. (2.2.13)

If the family (pu:)e>o is tight with respect to the weak topology then (ut)i>o exponentially
converges, with respect to the Wasserstein distance, to the unique minimizer L of the

entropy > among the class of probability measures p satisfying

/ zp(dx) :/ xpo(dx) and P,(|z| > r) < supPy, (x| > 7). (2.2.14)
Rd R4 t20

Moreover, the following inequalities hold:

(i) Logarithmic Sobolev inequality

O (2() — B(tioo)) < Dlpe), VE > 0. (2.2.15)



(ii) Transportation inequality

W (11, fioo) < \/2 (B() < 2leo)) vy g (2.2.16)

(iii) Exponential stability

W (jte, froo) < \/2 (E() - Elto)) vy s, (2.2.17)

Finally, if po s symmetric and

) mn (a’27(12_ 28)=5) Ly, (2.2.18)

then the same inequalities hold with this better rate.

Proof. Let s be alimit point of (u4):>o for the weak topology. By lower semi-continuity
of D

d
limsup — % (p,) < —liminf D(p) < =D(poc).

t—o00

If —D(pos) < 0, then limsup,_, £5(1) < —D(pos) < 0 and there exist ¢y and ¢ such

that X(u) < —3D(peo)t + ¢ for t > to. That is 3(s) 2% —o0. As ¥ is bounded below
by assumption, D(ps) = 0 and pu. is a stationary solution.

Moreover, by weak convergence, ., will satisfy conditions . We can therefore
apply Theorem to (po, p1) = (i, leo) (notice that in the case of py symmetric, py

stays symmetric at all times for ¢ > 0 by symmetry of the potentials). According to the

HWTI inequality ([2.0.7)

A
S(pe) = Bloo) =/ D (pe)Wapir; froo) + §Wz(ut,uoo)2 <0, vVt >0.

Consequently the following discriminant is non-negative

D(1t) — 2) (2(tte) — B(ptec)) = 0, ¥t > 0 (2.2.19)
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and the log-Sobolev inequality ([2.2.15]) holds.
For the transportation inequality (2.2.16)), take p; = pu; and py = fieo. fleo being a
stationary solution of (2.0.1)), D(pg) = 0, which gives

2 (5(pm) = ¥(peo))
A

Wa(pg, foo)? < , YVt > 0. (2.2.20)

This proves the transportation inequality. Since measure p; can be replaced by any

measure p satisfying (2.2.14]) (apply Theorem to (oo, p)), We have

2(p) — B(pte) > 0 (2.2.21)

and if ¥(p) = X (o) it follows that Wa(p, piee) = 0. Therefore, pio, is the unique minimizer
of the entropy ¥ among the class of probability measures p satisfying (2.2.14]).

Finally, to prove (2.2.17)), use successively the log-Sobolev inequality ([2.2.15|), property
(2.1.6)), Gronwall’s lemma and the transportation inequality ([2.2.16]). O

2.3 Proof of Theorem [2.0.5

As explained at the end of Section [2.1] the singularity of W at the origin requires ad-

ditional results, that should be proved for each W of application. Indeed, potentials of

interest which satisfy D?*W (z) > o like W = —log|-|or W =|-|P, p € [0,2), do

|z
not satisfy the assumptions of Proposition 2.1 [I8]. Therefore, the dissipation property
(2.1.6) does not hold necessarily. Moreover, formula (2.2.3) is not justified. To overcome

those technical difficulties, we introduce the following additional assumptions.

Assumptions 2.3.1. V € C*(RY) and W € C*(R? — {0}) satisfy

(D1) Dissipation property (2.1.6]):

d
Z5(1) < =D(py), ¥t > 0. (2.3.1)
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(D2) For any geodesic (ps)o<s<i = ([(1 = s)Id + sT| #po)o<s<i, po, pr € My with finite

entropy, the function s € [0,1] — W(ps) is twice differentiable and for all s € (0, 1)

d2
— >
d82W(pS) -
1
5 / (D*W (z —y + s(0(x) — 0(y)) - (B(x) — 0(y)), 0(x) — 0(y)) po(dz)po(dy)
x,yeRd
TFY
(2.3.2)
where 0(z) = x — T (x).
We are now ready for the proof of Theorem [2.0.5]
Proof of Theorem [2.0.5. Under Assumptions [2.0.4] V is displacement convex
d2
—YV(p,) > 0. 2.3.
CVip) > 0 (233)

In order to treat W, we follow the proof of Theorem by fixing some r > 0 and

taking v = ﬁ We have immediately

W)= G [-Bulel =) [ @)
|z+560(x)|<r
(2.3.4)
“Bollal>r) [ 16 Pm(do)]
|x+s0(x)|>r
and therefore

d? c 9 c 9

W) = G Bullel < 1) [ 10 Fnlir) - @ ({M () po(d). (2.3

By Cauchy-Schwarz inequality, we have the estimate

| 1@ Pman) < \/ @ty B el = 0. (236)

lot-s6(a) [ 2r
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Using the fact that

/ 18(2)| po(dz) < Sm. (2.3.7)
Rd
we deduce

d? c ) g1/4m1/4¢ 14

@W(Ps) > (QT)ans(|$| < r)W5(po, p1) — prsﬂﬂ > 1) Wa(po, p1). (2.3.8)

The tail probability P, (|| > ) can be estimated by
1 4 8m
Po.(lel 27) < | lsw+ (1= 9)T(2)] polde) < —7. (2.3.9)
R

Moreover, with the simple estimate Ws(pg, p1)? < 24/m, we get

d? c 9 V8me 4dmce
@W@s) > (2r)’7W2 (pos p1) — WW2(P07P1) T Snpniz (2.3.10)

Choosing optimally r yields for some constant C' > 0 depending only on 7, m and ¢

that

d2

@W(/)s) > CWal(po, p1)", Vs € (0,1), (2.3.11)
from which we deduce the desired HWI inequality. [

Corollary 2.3.2. Assume that Assumptions|2.0.4 and|2.5.1) are satisfied. Let (ut)i>o be

a solution of with uniformly bounded fourth-order moments. Set

m = sup ( . \xy4ut(dx)>. (2.3.12)

t>0

Then, the following holds for some positive constants 6, C" depending only on m, ¢ and n:

(i) Algebraic decay of the entropy

E(NO) - E(NOO)
1+ (S(p0) — 2(poe)) "2 8

Y(pe) — Elpeo) <

e V2 0. (23.13)
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(ii) Transportation inequality

1

Wa (e, poo) < C(B(pe) — Blpoo)) 2, VE > 0. (2.3.14)

Therefore, we have algebraic stability with respect to Wy towards the minimizer o, of
the entropy among the class of probability measures p satisfying

sup/ |z e (d) < m. (2.3.15)
Rd

t>0

Proof. The proof is similar to the proof of Corollary The boundedness of moments
gives tightness, and we check easily that a limit point p., (for the weak topology) is a

stationary solution. Taking (po, p1) = (Heo, tt¢) in HWI inequality (2.0.13) and noticing

that the minimum of power function in Wa(juy, fiso) (2.0.13)) is non-positive, we derive
O (2(e) = 2(p100)) 742 < D) < == [S(pe) — Spios)], VE >0, (2.3.16)

where C depends only on m,c and 7. Integrating leads to the decay estimate (2.3.13)).
Taking (po, p1) = (te, foo) 10 (2.0.13) allows us to derive the transportation inequality
(2.3.14]). Combining the two inequalities proves result ([2.0.14]). ]

2.4 Application to log gases

This section is devoted to the asymptotic behavior of uni-dimensional log gases. In all the
following, V' will denote a symmetric external potential and W the logarithmic interaction
W = —log| - |. Entropy is now half of the free entropy introduced by Voiculescu
in [110]

S) = 5 [ Viaytdn) =5 [ togle = yludoutdy)

RxR
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Define the Hilbert transform of a measure p € M

Hulo) = ~(W (@) = pos. |

where p.v. denotes the principal value.

The granular media equation becomes the Fokker-Planck (2.0.15)), with the weak

formulation:

i [ 1@t == [ 10 (376 - Hu)) wtdo), vf € CFm), 24

or equivalently

/f ) (dx) /Mf I_f/() +(de) i (dy)

(2.4.2)
/ V(@) (@) ldz), Vf € CF(R),

2

In the rest of the paper, we say that (u;)i>0 € C(R4, M), with initial data pg € My N

L>(R) with finite entropy, is a solution of (2.0.15)) if (2.4.2)) is satisfied and p; € L>(R)

for all t > 0.

Under the assumption

lim V(z) —2log|z| = 400 (2.4.3)

|z|—00

the entropy is lower-bounded and there exists a unique minimizer puy (see [101])
Y(py) < X(p), Yu e M. (2.4.4)

The entropy dissipation (2 is given by

D<u>=/R§

2

V() - Hu(a)| p(do).
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The existence of solutions and the dissipation property (2.1.6) has been essentially
proved by Biane and Speicher in [I2] (Theorem 3.1 and Proposition 6.1, see also [83])

under the assumption that V is C? and satisfies the growth assumption
2 1 !
ar®+b < 5931/ (x), Yz € R, (2.4.5)

for some a > 0 and b € R.
Combining conditions ([2.4.3) and (2.4.5), we introduce the following assumptions

ensuring the existence of a minimizer and the gradient flow property.
Assumptions 2.4.1. There exist a >0 and b € R such that

o lim,,o V() — 2log |z| = +o0,

o ar’+b < 32V'(x), Yz € R.

This section is organized as follows. First, in order to prove Theorem [2.0.6] we es-
tablish that W = —log| - | satisfies a property similar to Assumption [2.3.1] (D2), which
allows therefore to apply Theorems [2.0.2] and to log gases. We provide then in
Proposition uniform bounds for the moments of a solution to . Those es-
timates are essential to prove tightness with respect to the Wasserstein distance and to
bound uniformly the quantities P,.. We state and prove Theorem that gives alge-

braic convergence for any convex potential V. Finally, we consider quartic potential V'

and prove in Theorems [2.0.9/and [2.0.11] exponential stability, when the parameters ¢ and

g are small enough in absolute value.

2.4.1 HWI inequality

Despite the singularity of —log |- | at the origin and its non-convexity, we prove that W
is displacement convex and lower-bound explicitly the second order derivative. The case

of log gases will then fall under the scope of application of Theorems [2.0.2] and [2.0.5]

Let’s first recall the following well-known fact.
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Lemma 2.4.2. Let py and p; be two measures on R with bounded positive densities. The

optimal transport map T carrying py to p1 is given by

T=F'oF

P1 PO

(2.4.6)

where F, denotes the CDF' of measure p. Moreover, T is differentiable and for all v > 0

su x
sup T'(z) < Plzi<r pol)

=i < 0. 2.4.7
jaf<r inf|, <, p1(T(z)) (2.4.7)

We now prove Theorem [2.0.6|

Proof of Theorem[2.0.6, We first prove the result for measures with bounded positive
densities. We will then extend by approximation to measures with bounded densities.
Let po, p1 € Mo L>®(R). Assume either that py and p; have the same center of mass or

are both symmetric. Let T' be optimal transport map carrying py to py

T=F;'oF,, (2.4.8)
and (ps)o<s<1 the geodesic from py to py
ps = (1 = s)Id + sT) #po. (2.4.9)
Let ¢ € (0,1),7>0and B, ={z € R: |z] < n}.
Using the monotonicity of 7" and Lemma [2.4.2| and setting R(z,y) = %z(y)’ we
have
sup po(z)
z|<
0< sup R(z,y) < ||_f77—() < 0. (2.4.10)
T m X
o et !
Introduce
Lo(x,y) = , 2.4.11
(z.9) 1 —e+eR(z,y) ( )
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such that for all s € (¢,1 —¢) and z # y

=1+ (s—¢)L(z,y). (2.4.12)

We see from the monotonicity of 7" and bound ([2.4.10]) that for all s € (¢,1 — ¢)

1 —s+sR(z,y)

9
1+@—€ﬂ4@wzlff+fR@y>Zl_€

>e>0 (2.4.13)

and that for all distinct x and y in B,

1+R
1+ (s—¢e)l(z,y) < 1+ Rlz,y) <242 sup R(z,y) < 0. (2.4.14)
1—¢ x,y€By
TH#Y
Define
1
we =35 // Le(z,y)po(dz)po(dy). (2.4.15)

Using the inequality —log (1 4+ x) + 2 > 0 for z + 1 > 0, we deduce

—W(pe) — (s —e)w. >

/ / log (1+ (s — ) Lol ) + (5 — Lol ploldeypo(d). 10
Define the functions
1
Gy :s€le,1—¢] = V(ps) = 5/‘/(1’ + s6(x))po(dz) (2.4.17)

and

Gw:s€le,1—¢| — 1// L [—log (1 + (s —e)Lc(x,y))] po(dx)po(dy).  (2.4.18)
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By the regularity of V', Gy is twice differentiable with

Gy(e) = %/V’(x +e6(x))0(z)po(dx) (2.4.19)
and for all s € (¢,1 —¢)
Gl (s) = %/V”(x + 50(x))0(x)?po(dx). (2.4.20)

By bounds (2.4.13)) and (2.4.14)), Gy is twice differentiable as well and its derivatives

satisfy
, 1
Gle) = / /  Lfa)m{da(dy) (2.4.21)
T,Yy€ by

and for all s € (g,1 —¢)

"oy b Le(w,y)* .
Civ(s) =5 //B 07 (5= o) Lela g ol (24.22)

Notice that for all z # y and s € (g,1 —¢)

Le(z,y)? (R—1)°
(14 (s—¢)Lle(x,y))?2 (1 —s+sR)?
R? 1
(1 -5+ sR)? * (1—s+sR)?

(2.4.23)

<2
=

Therefore,

I o ) nanm(n < % | [ el L (2ao

We deduce that for all s € (g,1 —¢)

" 1 (e(x)_e(y))Q r _l ZL‘ 2
G5 [[ () - [ /| ol >] . (24.25)
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Using ([2.4.16)) and Taylor’s formula, we deduce for u € (g,1 — ¢) such that

Y(p1—e) — B(p:) — (1 = 22)(Gy(e) + we) > (Gv + Gw)(1 —¢) — (Gv + Gw)(e)
— (1 =2¢)(Gy 4+ Gw)'(e)
_ %(GV + G ) (W) (1 — 20)?

(2.4.26)

where

(Gy + Gw)"(u) > %/V”(m + uf(x))0(x)?po(dz)

1 CR) S
3/ v S ione e

—6% um po(dx)]z.

From there, we follow the computations of the proof of Theorem [2.0.2] Firstly notice

that
linG (6) + ) = 5 [ V@blan(dn) = 5 [ IRGw) = Upn(do)on(dy) (2428
_ / (%V’(x} - Hpo(:v)) po(da) (2.4.20)
> =/ D(po)Wa(po, p1)- (2.4.30)

Secondly, taking v = g7 and following (2.2.4) - (2.2.11)), we obtain

1 " 2 1 (b(z) — 0(y))° T
E/V (z +ub(x))0(x)"po(dx) + 9 // (x —y+ud(x) - (y)))2p0(d Jroly) (2.4.31)

> N\, Wa(po, prc)?,

where A, is given either by (2.0.8)) or (2.0.9)).

Notice that this estimate is independent of u € (¢, 1—¢). Recalling that Ws(po, p1_c) =
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(1 —e)Wa(po, p1), we conclude that for all n > 0

S(p1-e) = Blpe) = (1 = 26)[Gy(e) +we] + A1 =€) Wa(po, p1)*

—5% Ulm po(dx)r.

(2.4.32)

From there, do successively n — oo and € — 0 to derive the result. If py and p; do

not have positive densities, apply (2.0.7)) for the sequences

o (@—)2/(29)

b
p; (dx) NorT p

(dy), § >0, i=0,1, (2.4.33)

and let 0 — 0. Notice that p? has a positive density and belong to L>(R) with |p?| Leo®) <

\/%Ta’ and that the map p; — p? leaves the center of mass or the symmetry of the measure

p; invariant. Therefore, using the result for measures with bounded positive densities, we

have for all § > 0

S(pd) = 2(p)) = —1/ D(p§)Walph, p3) + N Wa(p), p7)*. (2.4.34)

We have easily that limgs_o Wa(p3, 05) = Wa(p?, p3).

Let X and Y be two independent random variables with probability distribution pg
and let Z be a random variable independent with X and Y, and with normal distribution.

Then, we can write
1 1
S(ph) = ZE V(X +062)] ~ SE[log (X +6Z ~Y —62)], (2.4.35)

and

lisn 33(03) = ¥(po). (2.4.36)
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Next, write

|D(po) — D(p)| < E ‘/V’on — /V’ng
- ‘/(HPO)%O - /(Hl)g)QPo

(2.4.37)
+ ‘/(HPS)% - /(Hp3)2p8
1 ) (0N 8
5| [ V(Hpo)po =V H(pp)ps| -
Notice that
lim / V2 =1lmE [V'(X +62)%] = / V"™ po. (2.4.38)
6—0 0—0
Upper-bound the second term of (2.4.37)
[tttz = [syan] <l [ 1= )G+ 40
< !po!Lw\//H(po—pé)Q\//H(pwpé)Q
(2.4.39)

= ﬁlpo!Lw\//(po —pS)Q\//p%Jr (p3)?
< 2\00|L°°\//(P0—Pg)2\//p(2)>

where we used that py and p belong to M(R) N L>®(R) C L*(R), the isometry property

of the Hilbert transform and Young’s convolution inequality [(p3)* < [ pé.

Estimate the third term of (2.4.37]) by

< ’ [y | [y

Using the bounded-ness of the Hilbert transform for the norm L* and the Young’s

1/2 1/2

[ttty [ty (2.4.40)

convolution inequality, we deduce

\ / (H )00 — / (Ho)*d| < Cllpol 2Vt \/ / (po — rhof))? (2.4.41)
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for some constant C' > 0.

We see easily that under the assumption py € L?(R)

: 02
(1313(1) (Po = pg)” = 0.

and therefore with (2.4.39)) and (2.4.41)), we conclude that

‘/ HPO Po — /(HPS)QPg

lim
6—0

/ (Hp5)* po H po)’

In a very similar way, we show that

lim =0.

6—0

/ V'(Hpo)po — V'H (%)}

Finally, taking the limit 6 — 0 in (2.4.34]) gives the result.

=0.

(2.4.42)

(2.4.43)

(2.4.44)

Remark 2.4.3. Our theorem is similar to Theorem 1.4 [83], but we do not assume any

assumption reqarding the compactness of the support. Therefore, our proof can be extended
74 q g p pp , p

to gases with a diffusive internal energy (like in [107] for example). In Theorem 5 [81),

the authors established a HWI inequality for log gases. Their result can be recovered by

considering a simpler version of estimate . Indeed, by applying —log (1 + x)+z >

0 on the whole space, we find

W(ps) = W(po) = (s = €)we > 0.

Using this crude estimate, becomes

S(pr-e) — D(pe) > (1 - 22) [y () + ] + 5 ink V() (1~ P Walo, o)

z€R
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Therefore under the assumption that inf,cg V" (z) > 2\ > 0, letting e — 0, we find
A
¥(po) — X(p1) < v/ D(po)Wa(po, p1) — §W2(P0, p1)?. (2.4.47)

2.4.2 Moment estimates

We establish upper-bounds for the moments of solutions of . Those estimates are
useful to prove tightness of a solution and to bound uniformly in ¢ the tail probabilities
P,,(|z| > 7). The idea is essentially to use dynamics to get a differential inequation
satisfied by the moments.

Let’s start with the following lemma, justifying extension of test functions to power

functions. We delay the proof to the appendix.

Lemma 2.4.4. Let (u¢)i>0 be a solution of such that for allt > 0, p; has a finite

moment of order p > 1. Assume that

1 s [o(1+ [V'(2)])]ePus(de) € L},.([0,00)),

loc
2. x— |V'(x)||z]P € LY(R, us) for all s > 0.
Then the power function x € R — |z|P is a valid test function in .
Using this lemma, we prove

Proposition 2.4.5. Let (ut)i>0 be a solution of with finite moments up to order

p+ 2 for some p > 2. Then, there exists M, > 0 such that

sup/ |z e (da) < M,.
R

t>0

Proof. Denote m,(t) = [, |#|Pp(dx) for t,p > 0. According to Lemma [2.4.4, we can
apply (2.4.2)) with the test function f : z +— |z|P to obtain

ol < ; /IR R L f/(y)lﬂt(dx)ut(dy) — pamy(t) + plblpmy,—s(t). (2.4.48)

2 |z —yl
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Without loss of generality, we may assume that || < |y|. We see easily that

2P~ — [y [~2]]

[l = [yl

/') = ')l el = ylylP

< < p(|lz[P7% + |y|P~?) + plz]
|z — | |z — |

We check easily that if p > 3, then the previous inequality implies

|/ (x) = f'(y)]
[z =y

< p(jeP~2 + y[P7%) + plp — 2) (2772 + [y[77)

and if 2<p<3

[f'(x) = F'(y)|

p— < p(JafP + |y[P7%) + p(p — 2) =2,

In both cases for all x,y € R

< p(lzP2 4+ yP2) + plp — 2) (|27 + |y[P~2). (2.4.49)

Using the fact that my(t) < mY?(t) for | < p, and inserting (2.4.49) in (2.4.48), we

deduce the ordinary differential inequation
m,(t) < —pam,(t) +p(|b] +p—1) m}(f—2)/(p)(t)7 t > 0. (2.4.50)
This inequality can be written as
my(t) < Q(my(t)), 20 (2.4.51)

where Q(z) = —pax + p(|b| +p — 1) ?P~2/? satisfies Q(z) ~ —paz.

+o0
We will show that this inequality implies the uniform boundedness of moments. Con-

sider M defined by:

\bk+p-—1)pﬂ

M:sup{xZ()iQ(x)ZO}:( a
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Notice that m,, is non-increasing for m, > M. Set M, = max(M,m,(0)) and T' = {t >
0:m,(t) < M}. Without loss of generality we may assume that 0 € 7', otherwise m,, is

decreasing until t € T'. The set R, \ 7" is open (in R, ) so can be written as

R+ \ T = U (Sl,tl)
On the one hand
my(t) <0 fors; <t <t
and on the other hand
my(si) = my(ti) = M.

Those two contradictory statements imply that 7'= R, and for all ¢ > 0:
my(t) < M,.

This achieves the proof. O

Remark 2.4.6. In the next section, we consider quartic potential V', and we derive in
the same way Proposition providing uniform bounds for the second order moments
of a solution in a more precise way. Still, we would like to stress the usefulness of the
more general Proposition which allows showing the stability of any solution with
finite moments of order p + 2 > 2 towards a stationary measure with respect to the

Wasserstein distance of order p. Additionally, we will use this proposition for the proof

of Theorem |2.0.7.

2.4.3 Stability for convex potentials

From the proofs of Theorems [2.0.5] and [2.0.6] we derive Theorem [2.0.7]

Proof of Theorem[2.0.7. Fix ¢ € (0,1/2) and r > 0. Let pg,p1 € My and T be the

optimal transport map from py to pi. Set § = T'— Id. Denote (ps)scio1] the geodesic
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between py, and p;. Following to the proof of Theorem [2.0.6] and using that the fact

that DV > 0, there exists u € (¢,1 — €) such that

Y(p1-e) = X(pe) = (1 —29)[Gy () + we]
1 (0(x) — 0(y))*
+ 5// CETE O e(y)))gpo(dw)po(dy) (2.4.52)
1 2

=1 |>npo<dx>} ,

where w, is defined as in ([2.4.15)).

From there, follow the proof of Theorem by taking ¢ = 1 and n = 2. Estimate
(2.0.13) becomes

% / / (x — y,(%?(e_(xg)(gi)) e deoldy) 2 CWa(po. i)t (2.4.53)

Inserting this estimate in (2.4.52)) and then letting n — co and € — 0, we get

2(p1) = (po) = =/ D(po)Wal(po, p1) + CWalpo, p1)*. (2.4.54)

The result follows by mimicking the proof of Corollary and using the tightness of
(11¢)¢>0 ensured by Proposition [2.4.5] O

2.4.4 Stability for confining quartic potential

In this subsection, we consider the confining quartic potential V' (z) = % + c%. We recall

the following results:

e If ¢ > 0, then V satisfies Ledoux’s assumptions [81], which allows proving exponen-
tial convergence towards the equilibrium measure py [83], whose density is given
by

py (dx) = L (%xQ - b) Va2 — 221, 4(2), (2.4.55)

™
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where

62
, VAP +48 —2c cty/T+3

= b =
a 3 s

o If —2 < ¢ <0, py is the unique stationary measure, and stability is proved in [30].

The density is again given by (2.4.55)).

e If ¢ < —2, Donati-Martin et al. have proved in [30] that there could be multiple

stationary measures.

The main result of this subsection will follow from Theorem applied to quartic
potential V' with ¢ negative and close enough to zero.
The same considerations as in the proof of Proposition lead to the following

estimate of second order moment.

Proposition 2.4.7. Let (1t)i>0 be a solution of with quartic V (C1). Assume

that (1:)e>0 have finite fourth moments for all times t > 0. Then

sup/R:CQMt(dx) < max (/R 2? o (de), LM) : (2.4.56)

>0 2

We are now ready to prove the Theorem [2.0.9|

Proof of Theorem[2.0.9. Let uy € M which satisfies the moment condition and
(ut)+>0 be a solution of . According to Proposition , the second order mo-
ments of (4:):>o are uniformly bounded in time. X is lower-bounded and D is lower
semi-continuous, so similarly to the proof of Corollary , (1t)e>0 weakly converges to-
wards a stationary solution .. According to Proposition 2.7 [30], the unique stationary
solution for ¢ € [—2,0) is the minimizer of the entropy gy . Finally, the uniform bounds
of the moments give tightness and convergence with respect to the Wasserstein distance.

Assume that (p):>0 has a fixed center of mass. According to Theorem for all

measures pg, p1 € My with finite entropy

X(po) — X(p1) < Wa(po, p1)v/ D(po) — %W2(00,Pl)2> (2.4.57)
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with constants (a, 8,7) given by

{8 =—c, (2.4.58)
Y=z
\
and the rate
c min (37”2, 2) P.
A=< e 2.4.59
5 T 2 202 (24.59)
Under the assumption that
Ced 214
/ PPpo(de) < ZCEVE TR (2.4.60)
R 2
we have for ¢ € [-2,0)
a2 14
po< ¢V TE (2.4.61)
2r2
It follows that the constant A (2.4.59)) can be lower-bounded by
1 1
A > Shs sup — [min (6r°,r%) — (—c+ VA +4)|. (2.4.62)
2 4 >0 7"4
We solve this optimization easily and find
A > ! + 2 (2.4.63)
T 16(—c+ V2 +4) 2 o
We check that this last quantity is positive for any ¢ € (¢*,0) with
. 1
¢ = (2.4.64)

Nira

From there, an obvious variant of the reasoning of Corollary makes it possible to

conclude.

In the case of pg symmetric, the rate A can be slightly improved. Indeed, we can
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improve estimate (2.2.9) in the following way. Write for py and p; symmetric

(1= s)z 4 sT(x))* = (1 — 5)%2% + $*T(z) + 2s(1 — )T (). (2.4.65)

Now, T being odd and the gradient of a convex function, we have 7'(0) = 0 and

2T(x) > 0. (2.4.66)
Therefore
(1 = 8)z + sT(x))* > (1 — s)%2? 4+ $*T(). (2.4.67)
We deduce that if s < %
(1 —8)x+ sT(x)| <r = |z| <2, (2.4.68)
and if s > %
(1 —=s)z+sT(x)| <r = |T(x)] < 2r. (2.4.69)
Therefore
/ p5<dl’) Z 13<1/2/ p()(d$) + 15>1/2/ pl(dl') Z 1— Pgr. (2470)
|z[<r |z|<2r |z|<2r

This bound is better because P, < 2P,. Consequently, in the case of py symmetric, the

optimal A is given by
11
A= gsup g min (6,1~ Py) + g (2.4.71)

Similarly, A can be lower-bounded by

C
+ —

1 1 .
A > —sup — min 5

_4T>OT

<6T6 2 (—c+ V02+4)>
’ 8

(2.4.72)

o

B 1

= + —.
2(—c+Vc2+4) 2
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This last quantity is positive for any ¢ € (¢*,0) with
(2.4.73)

The result follows. O

Finally, we end this section by giving the proof of Theorem which overrides the
assumptions of a fixed center of mass or symmetry. The optimal ¢* obtained is numerically
much smaller than the constant obtained in the previous theorem. Therefore, the value
of our result lies in its proof. We first need two technical lemmas. The first one is proved

in the appendix, the second proof is omitted and follows exactly the proof of Proposition

2.4.0l

Lemma 2.4.8. Let (ps)o<s<1 = (((1—5)Id+sT)#po)o<s<1 be a geodesic between py € My

and a symmetric measure p; € My. Then for all s € [0,1] and r > 0

/ 2p.(dz) > %min ( / w2 p0(d), / :c2p1(dx)) - %max ( / wpo(da), / x4p1(dx)> |

lz|<r
(2.4.74)

Lemma 2.4.9. Let (u:)i>0 be a solution of with quartic V. Assume that (u:)e>o

have finite sizth moments for all timest > 0. Then

inf / 2?py(dz) > min < / 2o (d), (_C " jmy) (2.4.75)

and

(‘C * \gm) (2.4.76)

sup / 2 () < max / 2o (d),

>0

Proof of Theorem [2.0.10). As before, tightness is clear. It is enough to show a HWI

inequality with rate A > 0. We use the notations of the proof of Theorem In the
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following py and p; denote respectively p, t > 0 and py. Start with (2.4.27))

(Gy + )" () > / V"<x+ue< >>e< Y00 (dx)

// (z — y + u(f )(y))g(y))>zpo(dx)po(dy) (2.4.77)

= o mﬂ .

Therefore, denoting 1 (z) = 322, plugging V" (x + uf(x)) = ¥(x + ub(z)) + ¢ and

splitting the integrals according to |z 4+ uf(x)| < r, we have

" 1 2 3r? 2
(Gy+ Gu)' () > / xnﬂ““e( )6 o) + - /| o, Yol

// ))po(dx) po(dy)

|x+u9 ) <r
ly+ub(y)|<r

c 1
+§W2(Po,;01)2 - —2/ po(dz).
& Jla|=n

(2.4.78)

We now adapt an idea used in section 4.5 [I§] to our specific integrals. Write

J[ e@-swrama -2 [ w) /| o Yol

|e4ul(x)|<r|ly+ub(y)|<r le+ub(z)|<r

(2.4.79)

From

—

somian) | < [ )
T ub(z)|<r o+ ub(a)|<r (2.4.80)

(14 2r%)(z + ub(x)))0(x)?po(dr)

|z4ub(z)|<r
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we derive

1 1
" > _ 1 i d
(Gv +Gw)"(u) = 3 / [ 22+ e | ")
z4ul(z)|<r
X / (1+ 2%y (x + ub(x)))0(x)? po(dx)
i (2.4.81)
3r? 2 ¢ 2
+ 5 0(x)”po(dx) + §W2(PO, p1)
|z+ub(z)|>r
: (dx)
N T
e |z|>n .
The goal is to lower-bound the term
1 2r2a?
1_ — S ) 2.4.82
/ { 1+ 2r2(z + u0<x))} poldz) /mg T2 245

|z+ub(z)|<r

In [I§], a similar quantity appears, and the authors prove that it is bounded away from
zero by using the internal energy. In absence of any internal energy, we have to exploit
the logarithmic repulsive interaction to show that p, - the interpolation between py and
1 - cannot be concentrated at the origin. This intuition is implemented by looking at

the second order moments.

4 2
Set m = <#m> and M = <L V2'32+12> . By Lemma [2.4.8 (p; = pv is indeed

symmetric), we have

2r2a? 2r? 1 8
L pu(dr) > —m——M|. 2.4.83
/x|<r T 22 2 g [Qm 2 } (2.4.83)

Use this estimate and 1 + 2r?y(z + uf(z)) > 1 to deduce

(G + G ) (u) 2 A Walpy. 1) — 5 [ / ) po<da:>} (2.4.81)
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where \, is given by

c 1 1 18
A= St —min (32, ——— |Zm— = M| ). 2.4.85
2+2mm<T 1+ 214 [zm 2 D (2.4.85)

From this point, follow the end of the proof of Theorem to conclude

A

% (po) = X(p1) < Walpo, p1)v/ D(po) — éWz(Poyﬂl)Z- (2.4.86)

We see clearly that sup,., A, can be made positive for ¢ negative and close enough to

zero. The optimal rate can be lower-bounded by

c 1 1 /m 8M c m3
A=supA > o+ - Sl (e | A L 2.4.87
IS T {r‘l (2 r2 )} 2 T 1392402 (2.4.87)

Numerically, we find that A > 0 for ¢ > —3.00 x 1072,

O
2.4.5 Stability for non-confining quartic potentials
The difficulty of the non-confining quartic potential
4 2
V(z) = g% + ‘% g <0, (2.4.88)

is twofold: how do we define a solution of and what are the equilibrium and
stationary measures? Indeed, solutions of may explode and Assumption
is not satisfied by this kind of potential, so we do not necessarily have the existence of
an equilibrium measure. In [4], authors give insights on how to restart solutions after
explosion time. This approach is different from the idea of Biane and Speicher in section
7.1 [12], where the authors explain how to define bounded solutions of (2.0.15)), which
stay around the origin, and exhibit a good candidate for the equilibrium measure. In the

following, we will adopt this last point of view.
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Let (A, T, (At)i>0, (St)i>0) be a filtered non-commutative probability space with a free
Brownian motion (S;);>o. Denote A% the algebra A with operation a - 400 b = b -4 a for
a,b € A. See [11], [10] and [12] for more details on free probability and free stochastic
processes. For all ¢ > 0, denote p; the density of semicircular distribution of mean zero

and variance ¢t. In those conditions, S; has a distribution given by p;.

2
pi(dx) = E\/t — 21 _ 5 py(w)dz, Yt > 0. (2.4.89)

In the framework of free probabilities, a solution ()¢ of (2.0.15) can be seen as
the distribution of the free stochastic process (Xi);>0, solution of the free stochastic

differential equation

X, = Xo+ 5, — L [LV/(X,)dt
t ek VI (2.4.90)
Law(Xy) = o

We shall denote p; = Law(X;). We now recall the free It6 formula and the free
Burkholder-Davis-Gundy inequality. For any polynomial ¢ = ano ¢, X", denote for
X € A the element 0¢(X) of A® A% defined by

n—1
0p(X) = ¢,y Xr@ X", (2.4.91)
k=0

n>0

Introduce the operator A; defined by
d 9(z) — 9(y)
A =2— — . 2.4.92
(o) =2 ([ A= g ay) (24.92)

The free It0’s formula is then written

O(Xi) = ¢(Xo) + /Ot O (X )4d X, + % /Ot Ap(X)ds, Yt >0, (2.4.93)

where f(f 06(X;)tdXs denotes the free stochastic integral of the bi-process (9¢(X5s))s>o0

with respect to the free It6 process (X¢)¢>o.
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The free Burkholder-Davis-Gundy inequality states that

t
’ / Y,£dS,
0

for any free It6 process (Y)>o0.

t
< 2V2 / |Y|[2ds, Wt >0, (2.4.94)
0

We are now ready to define solutions to (2.4.90]), detailing an idea of Biane and

Speicher succinctly presented in [12].

Proposition 2.4.10. Let g € <—m,0> and o be an initial with support included

in (—m(g),m(g)), with m(g) given by

m(g) = \/—% - \/i__g 3. (2.4.95)

Then the process (Xi)i>o defined by (2.4.90) exists for all times and the support of p

remains in a set of strict convexity of V.. More precisely, if for some m € [0,m(g))
supp(po) C [—m,m] (2.4.96)

then for allt >0

4 4
supp(py) C |—y[m?+ — 43, /m?*+ — + 3|, 2.4.97
and
4

inf V'(z)=1+3 (m2+—+3) > 0. 2.4.98
x€supp(pt) ( ) g V=g ( )

Proof. Let € € (0,1). Set h = ,/}39 and M = /1 — ch. With those notations
inf V"(z) =1+3gM?*=¢>0. (2.4.99)

|lz|<M
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The idea of the proof is to show that the stopping time
T=inf{t >0:|X;]| > M}

is almost surely infinite.

Fix 6 > 0. We apply free Itd’s formula to e*G(X;) with G(x) = z*:

t t t
X = X2+ / 0 X 2ds + / %1 4ds + / e (X ® 14+ 14 ® X,) #dS,
0

0 0 L (2.4.100)
— = / X,V (X,)ds,
2 Jo
where we used the fact that A;G(z) = 2, € R. Noticing that for s < T
p 1 / X3 2 X7 2 X7 2+e¢
SXI-3XV'(X,) = TH20-gX2 1] < TH20-gM?—1] = T+ (25— (2.4.101)

as self-adjoint operators, because || X;|| < M (notice that —g > 0). Therefore, with the

choice § = 2%, we have

1
6X2 — 5st’(Xs) <0. (2.4.102)

Observing that || X, ® 14 + 14 ® X|| < 2||X;|| < 2M for s < T, we deduce by using

free Burkholder-Davis-Gundy inequality that

Sttt 2 ) e20t —1 e — 1
O X2 < ||X2|| + 4v2M 5t (2.4.103)

Consequently, for all t < T

6 6 g 6
X2 < m? +4AMy [ —— + —m? +4v6y | ——h+ ——. (2.4.104)
2+ 2+4¢ 24+¢  2+¢

If the parameters m, h and e satisfy

1 6
m? + 4v6y | —h + < M=(1-e) (2.4.105)
2+c¢ 2+¢
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then we will have, by the continuity of the norm of the free stochastic integral (X;);>o,
that T'= oo and the support of the distribution of X; will be bounded.

Condition (2.4.105|) is satisfied for m and —g small enough. Indeed, we have that

1—-¢ 6
1—e)h? — 4V6 h— >0 2.4.106
(1-¢) V6 2+¢ 2+¢ ( )
as soon as
2v/6 + /30
V6 + (2.4.107)

> .
V(1 —¢e)2+e)
We are interested in finding the smallest ¢* such that we can define solutions if the

initial support is included in a small neighborhood of the origin. To achieve this, we

minimize the right hand-side of (2.4.107)) by taking ¢ = 0. Therefore, if

—m <g<0 (2.4.108)
and the initial support satisfies
m? <h2—4\/§h—3:—%—\/i__g—3, (2.4.109)
then 7" = oo and for all t > 0
1 X¢))? < m? + i_ + 3. (2.4.110)

V=9

This proves ([2.4.97). Finally, we have for all £ > 0

4 4
inf  V'(zx)=1+3 (m2+—+3> =-3 <h2—m2———3) > 0.
z€supp(ut) (@) g vV —4 g vV —g

(2.4.111)

This proves (|2.4.98)). O]

An immediate consequence is the following lemma.

Lemma 2.4.11. Let g € (——+~—,0) and m < m(g). The distributions (ju)i>o asso-
81+36v/5 He)=
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ciated with the process (Xi)i>o have a lower-bounded entropy

inf ¥(ue) > —oo. (2.4.112)

>0
Moreover, the entropy dissipation is still given by D

() = D) (24.113)

Proof. The non-confining potential V' (|2.4.88|) does not satisfy the growth assumption on
the whole real line ((2.4.5]) of Theorem 3.1 and Proposition 6.1 [I2]. However, the support
of the solution being bounded, it can be still satisfied locally. More precisely, there exists

a modified potential V satisfying

(

V e C*(R)
V(z)=V(x), forz € [-M — 1, M + 1] (2.4.114)
V(z) > ot forx € [-M —2, M + 2].

\

V will therefore satisfy the growth assumption of Theorem 3.1 [12]. (u;);>0 satisfies the

Fokker-Planck equation
1—
Oujty = O, {ut <§V/ - Hut):| . (2.4.115)

The entropy and dissipation of p;, ¢ > 0 are given respectively by

S) = 5 [ Vihdds) = 5 [ togle = yld)pn(dy
B Hock (2.4.116)

! / V() - | / log |z — yluu(d)us(dy)

5 RxR
and
1 ?
D) = [ |5V (2) = Hu(z)| pu(dw). (2.4.117)
R
The result follows from Theorem 3.1 and Proposition 6.1 [12] applied to V. ]
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We are now ready to prove Theorem [2.0.11]

Proof of Theorem [2.0.11] The measures (i;)¢>o have uniformly bounded moments, thanks
to the boundedness of the support. Therefore, we have tightness with respect to the
Wasserstein distance. Let s be a limit point. According to Lemma [2.4.11} this limit

point is a stationary solution.

Set R = ,/m?+ \/%—g + 3. Let pg, p1 € My with support included in [-R, R|. Let T

be the optimal transportation map from py to p;. We see that for all s € [0, 1]
(1 —9)x+sT(x) € [-R, R], Yz € supp(po). (2.4.118)

Using the fact |i|I§R V"(x) > 2X > 0, we deduce

%/V”((l — 8)z + sT(2))(T(z) — z)*po(dz) > A\Wa(po, p1)?, Vs € [0,1].  (2.4.119)

Following a similar argument to the Remark [2.4.3, we derive the HWI inequality

£(0) — (1) < VDo) Walpo p1) — 3 Walpo. o) (2.4.120)

Similarly to Corollary [2.2.1] we deduce exponential stability. To see that p., is a local
minimizer, take py = 0o and p; = p with support included in [—R, R]. (s being a

stationary measure, the HWI inequality gives

Djto) — D) € 2 Walpe, 1)? < 0. (2.4.121)

Remark 2.4.12. This result can be slightly improved by allowing g < g*. Indeed, we did
not exploit the logarithmic energy as we did in Theorem[2.0.9. More precisely, we do not
need inf,cqupp(u) V"' (x) > 0 for all t > 0 to deduce (2.4.120). For solutions with a fived
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center of mass and with a symmetric initial data, it is enough to ensure that

1
inf  V"(z) + >0, Vt > 0. (2.4.122)

xE€supp(pt) 4 maxxesupp(#t) |ZL’|2
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Appendix

2.A Proof of Lemma [2.4.4]

Proof of Lemma[2.4.4. Let ¢ € C*(R,[0,1]) such that
1. ¢(0) =1 and ¢(1) =0,
2. ¢ (0) = ¢®) (1) = 0 for k > 1.

Set [0 = SUD,e(0,1] |p™*) (x)|. Define for K > 1:

1 if |z| < K,
nk(x) =9 é(|z] — K) if K <|z|< K +1,
0 if 2] > K + 1.

We check easily that nx € C*(R, [0, 1]) and that for all k£ > 1,

k
M) < Crlo™®|s

for some C}, > 0.

61



Setting f : x + |z|P and taking fx : x — ng(z)f(z) in , gives

/fK Yo () — /fK ol = //MfK x_fK” ()1 (dy) ds

=B(s K

//V' ) [ () s dx)ds

_C(S,K)

(2.A.1)

Using that |fx| < |f| and the dominated convergence theorem, we see that the left-hand

side A(K) converges towards [p |@|Pp(dx) — [5 |2[Ppo(dz) when K — +oo0.

Likewise, C(s, K) = [, V'(x) - [|z[Pn) (x) + plz|P~*nk (x)2]ps(dx) converges towards

O(s,00) = / PV (z) - |22y d).

Moreover
C(s, K) < max(|¢']oc, |¢|oo>/ V' (@) (J2 ] + plal’~")us(dx) € L1([0,1]).
R
According to the dominated convergence theorem
! K
/ C(s,K) dsﬂ)/ /V/ - px| 2P s (da). (2.A.2)
0

We treat B(s, K) similarly

[k f)'(x) — (i f)' () - (= — y)]

Tt <16/l )
#1011l + L)

We check that for f(z) = |z|P and [ |z|Pu(dz) < +oo, the right-hand side is inte-
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grable. Therefore, B(s, K) converges towards

f'(x) = 'y
Bis.00) = [[ T (),
RxR r—y
Using (2.A.3)), we find an integrable function in L' ([0, ¢]) dominating [ [, B(s, K)u,(dz),

and thereupon

/OtB(s,K)ds AN /;/R RLil(y)us(dx)us(dy)ds. (2.A.4)

T

Finally, we conclude from (2.A.1)), (2.A.2) and (2.A.4)), that equation (2.4.2)) is satisfied
for f(z) = |z|?.

2.B Proof of Lemma 2.4.8

Proof of Lemma[2.4.8 Write

Agr o pulde) = /$2p8(d$) - /|2|>r ©ps(dz). (2B.1)

Treat each term independently. First

[aoutan) = [(1= )2+ 5T@)Pm(a

= %min (/ xQPO(dx)a/OCQPl(dx)) +2s(1 — s) /xT(w)pO(dx)‘ (2.82)

Introduce ¢ the median of py satisfying F,,(¢) = % We see immediately by the assumption

on p; that T'(q) = 0. Therefore, T being the gradient of a convex function

[aT@m(n) = [ a(T@) - T@m(d) + ¢ [ T)m(d)

(2.B.3)
> q/:cpl(dx) =0.
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Consequently

/ 22p,(dz) > %min < / 22p0(da), / 1:2,01(d:c)) |

For the second term, write

[ atoan <
|z|>r

IN

< %max ( / o), / x4p1(d:v)> |

. / ' pg(d)

72

%/(m+f@03wm
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Chapter 3

Well-posedness of the supercooled
Stefan problem with oscillatory

initial conditions

Consider the one-phase one-dimensional supercooled Stefan problem for the heat equation

(
Owu(t,z) = %amu(t, x), >N, t>0,
uw(0,z) = f(z), x>0 and wu(t,A;) =0, t>0,

(3.0.1)
A = %axu(t,a:+)|m:/\ﬁ t>0,

AO:O

with a non-negative initial condition f. The unknowns are u, the negative of the tem-
perature of a liquid relative to its equilibrium freezing point, as a function of time and
space, and the free boundary A, which encodes the location of a liquid-solid frontier
over time. The temperature is required to solve the heat equation with Dirichlet-type
boundary conditions, while the free boundary moves at a speed proportional to the space
derivative of the temperature at said boundary (“Stefan condition”). To ease exposition,

we normalize the latent heat coefficient, usually denoted by «, to 1.
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It turns out that, for generic initial conditions, the frontier A can exhibit jump dis-
continuities (see, e.g., [58, Theorem 1.1]). A way to circumvent this issue is to restate
in a probabilistic form, which allows the definition of global solutions, even in the
presence of jump discontinuities. To wit, let Xy_ be a non-negative random variable with
a density f, and let B be an independent standard Brownian motion. The probabilistic
reformulation of , first introduced in [25], 26] for a variant of it, is phrased in terms

of the McKean-Vlasov problem

(

Xt:X()f‘i‘Bt_At, tZO,

7i=inf{t >0: X, <0}, (3.0.2)

A=P(r<t), t>0,

\

with the unknowns X = (X;);>0 and A = (A4);>0. When f belongs to the Sobolev space
W3 (]0,00)) and f(0) = 0, a solution (X, A) of such that A € L2([0,T]) for some
T € (0,00) gives rise to a solution u € Wy ({(t,z) € [0,T] x [0,00): 2 > A}) of
on [0,T] by taking u(t,z)dx as the law of (X; + Ay) Li;5¢ on (A4, 00), for t € (0,7

(cf. [91], proof of Proposition 4.2(b)]).

The probabilistic formulation brings out the necessary presence of jump discon-
tinuities in the frontier A for certain initial data Xo_ (for example, those with E [X,_] <
1/2, see [58, Theorem 1.1]), as well as the non-uniqueness of the jump sizes X;  — X; :=
limg Xs — Xy = Ay — Ay— at the instants of discontinuity. When extending solutions
beyond a discontinuity, one must decide how to choose the jump size, which has led to

the introduction of the condition
Xie =Xy =MN—N_=inf{z>0: P(r>t, X, € (0,2]) <z}, t>0. (3.0.3)

Solutions of (3.0.2)) satisfying (3.0.3) are called physical. It has been shown that ({3.0.3])

selects the minimal jump sizes a right-continuous solution A with left limits can have
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(see [58, Proposition 1.2]). The global existence of physical solutions is known under
natural assumptions on the initial data, see [24], where it is proved under the very mild
assumption E [X(_] < oo, as well as earlier results in [25], [91], [92]. On the other hand,
it has been established in [27] that if X_ possesses a density f on [0, 00) that is bounded
and changes monotonicity finitely often on compacts intervals, then the physical solution

is unique.

This paper develops new arguments that demonstrate uniqueness for oscillatory initial
data, which in particular do not fulfill the monotonicity change assumption of [27], though
densities fulfilling the latter assumption are also captured by our main theorem. Oscil-
latory initial conditions arise frequently when one investigates continuum limits of inter-
acting particle systems. For example, [29, Remark 1.10] and [75, Theorem 1.2] feature
initial conditions given by the trajectories of a Brownian motion and a (reparameterized)
Brownian bridge, respectively. We also refer to [78, Theorem 4], [33] Theorem 5.4], [20,
Theorem 4| where the initial conditions even are distributions rather than functions in

general.

Consider the question of short time uniqueness for 7, assume that Xg_
has a density f, and let F' be the cumulative distribution function (CDF) of X,_. If
esslimsup, |, f(2) < 1, there is no jump discontinuity at time 0 (i.e., Ap = 0 =: Ag_
and Xy = X_) for any physical solution, and it is straightforward to prove short time
uniqueness. If essliminf, | f(z) > 1, any physical solution must have an initial jump of
the size Ay = inf{z > 0: F(z) < x} > 0, and one can focus on the problem started
from Xy = Xo_ — Ay, with the density f(x + Ag). This new density satisfying neces-
sarily essliminf, o f(z) < 1, we infer that ultimately one needs to investigate the case

essliminf,yo f(z) <1 <esslimsup,, f(z).

In [27], Proposition 5.2], short time uniqueness is shown using a contraction argument,
based on the fact that for densities satisfying their monotonicity change assumption, there

exists a non-decreasing function h: (0,00) — (0, 00), with A(0+) = 0, such that for all

67



x > 0 sufficiently small:

flz) <1— h(z). (3.0.4)

The key contribution of this paper is the proof of short time uniqueness for densities
oscillating down from 1, and thus violating (3.0.4)). Instead, we introduce an averaging

condition: There exists a non-decreasing function g: (0, 00) — (0, 00) such that

f<1, /Ooozvf(:v) dz < oo, (3.0.5a)

X >0 VAE[0,N) Vuelo1]: /u+1 fOz)de <1—g(Mp+1)). (3.0.5b)

Notice that (3.0.4]) implies

pt1

<1- / h(\x) da (3.0.6)
(n+1)/2

<1 MUY

i.e., (3.0.5b) with g(z) := h(x/2)/2.

We are now ready to state our main result.

Theorem 3.0.1. Let Xog_ > 0 possess a density f that satisfies condition (3.0.5) with a
continuous function g. Then, the physical solution (X, A) of (3.0.2)) started from Xo_ is

unique.

Remark 3.0.2. Our proof of Theorem (see Section shows that the solution
(X,A) of (3.0.2) started from Xo_ is locally unique even if one weakens the physicality

assumption to Ay = 0.

In the second part of the article, we provide evidence that condition (3.0.5)) is natural
and non-restrictive, by establishing that it is fulfilled by many oscillating densities, like

ones given by sample paths of certain stochastic processes.
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Corollary 3.0.3. For almost every fixed sample path of a standard Brownian motion
(Wy)z>0, the physical solution (X,A) of (3.0.2) started from Xo— > 0 is unique if Xo—
has a density f obeying (3.0.5a)) and such that

f(z) = (1+ W, — v/2z|log]| 10g93||)+ A1, xe€]0,1]. (3.0.7)

We also consider deterministically constructed oscillating densities, including the ones

in the next corollary.

Corollary 3.0.4. For a > 0, let Xo_ > 0 be a random variable with the density

T

o) = % (1 + sin i)  ze(0,d] (3.0.8)

where a € (0,00) is defined by [ f(z)de = 1. Then, the physical solution (X,A) of
started from Xo_ 1s unique.

Remark 3.0.5. We note that for the densities f of Corollary the decreasing se-
quence of solutions to f(x) = 1 approaches 0 at an arbitrarily high polynomial rate n=/*.
Such oscillatory densities are termed “pathological” in [79, Figure 3.1] due to the difficulty

of showing uniqueness for them.

The last part the paper exhibits a situation in which it is possible to go beyond
condition (3.0.5) and to establish uniqueness for the supercooled Stefan problem via

complementary arguments.

Proposition 3.0.6. Fiz a T € (0,00), and let Xo— > 0 be a random variable with the

density
o, T E U [a2n7 a2n71>7
g, T & U [a2n+17 a2n>7
n>1

n—1

where 0 < a; < 1 < g, ag,_1 = 1" tay, as, = prtay, and r = pq, p,q € (0,1). Then,
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for any as > 1 close enough to 1, the physical solution (X, A) of started from Xo_

is unique on [0, T.

Remark 3.0.7. In contrast to the main theorem (Theorem[3.0.1]), Proposition[3.0.6 is a
local uniqueness result. In particular, we were unable to verify the monotonicity change

assumption of [27] at T

The rest of the article is structured as follows. In Section [3.1] we introduce notation
and prove Theorem In Subsection [3.2.1] we verify, using functional local laws of
the iterated logarithm, that condition (3.0.5)) is satisfied by many densities obtained from
sample paths of suitable stochastic
processes. In Subsection [3.2.2] we consider oscillating densities constructed from peri-
odic functions. In particular, we deduce Corollaries [3.0.3] from Theorem [3.0.1] in
Subsections [3.2.1] respectively. Finally, Section is devoted to showing Proposi-
tion B.0.0l

This chapter is based on [90].

3.1 Proof of Theorem [3.0.1

Throughout the section, f denotes a density as in Theorem [3.0.1], and we write F' for the

associated CDF. We also define the continuous strictly increasing function

g:[0,00) = [0,00), x> xg(x) (3.1.1)
and set
pt1
(A p) = / f(Az)dz, A\ pu>0. (3.1.2)

Let (X, A) be an arbitrary physical solution of (3.0.2]). By [24, Proposition 2.3], there
exists a minimal solution (X, A) of (3.0.2]), namely the unique solution of (3.0.2)) satisfying

A <Ay, £2>0, (3.1.3)



for any solution (X, A) of (3.0.2). The physicality of (X, A) is ensured by [24, Theorem

6.5]. We further introduce (Y;)i>0, (Z¢)i>0 given respectively by

Y; = sup (—Bs +4,), t>0, (3.1.4)
0<s<t

Zy = sup (—Bs+ Ag), t>0. (3.1.5)
0<s<t

In these terms, the frontiers solve

A, =P( inf (Xo- + B, —A,) <0) =E[F(Y))], =0, (3.1.6)
A =E[F(Z)], t>0. (3.1.7)

Our starting point is the following continuous upper bound on the frontier A.

Lemma 3.1.1. There exist a T > 0 and a strictly increasing continuous function (X;)>o0,
with X, = 0, such that
A <X, t€]0,T]. (3.1.8)

Proof. For t > 0, we estimate

A= IP>(XO— < sup (=B, + As))
0<s<t

(3.1.9)
<P(Xo- <Ay + P({At < Xo-} N{Xo_ < sup (=B, + As)})-

0<s<t

In view of the upper bound supy. (=B + A) < supgc,<;(—Bs) + A, we find for all

t > 0 that

A — F(Ay) S P({A; < Xoo} N {Xo — Ay < VEINT]Y)

/Oo P(z < VE|IN|)P(Xo- — A, € dz) (3.1.10)
< /2t/m,

where N is a standard normal random variable, and we have used f < 1 and E[|N]] =
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2/m.

To conclude we apply (3.0.5b)) to obtain
F(A !
¥ :/ fAz)de <1—g(N), A€ (0,N). (3.1.11)
0

Since Ay is right-continuous with Ag = 0, there exists a T' > 0 such that A; < Ao, t € [0, 7).

Putting this together with and we get
GA) <A — F(N) <E[N|JVE, telo,T] (3.1.12)
The proof is completed by inferring
A <G UE[NVE) =X, telo,T], (3.1.13)

with the continuous g~' satisfying g=1(0) = 0. O
We also need the next lemma.
Lemma 3.1.2. Let (14)1>0 be a strictly increasing continuous function, with vy = 0. Then,

there ezists a positive function p(t,b) of t >0 and b > 0 so that

P(t,b) ==P( sup (—Bs 4+ v5) < b) > o(t,b). (3.1.14)

0<s<t

Proof. Fix t > 0 and b > 0. If v, < b/2, then

P(t,b) > P( sup (—B;) <b—1y). (3.1.15)

0<s<t

Otherwise, v; > b/2 and 7 := 7(b) := v~1(b/2) < t. Moreover, for any 7" € (0, 7],

P(t,b) = IP({ sup (=B, +v) <bYN{ sup (=B, +1,) < b})

0<s<7’ ) T'<s<t (3116)
> P({ sup (—B;s) < —} N{ sup (-B,) <b-— yt}>.
0<s<7/ 2 T'<s<t
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We conclude by setting

b
o(t,b) = IP’({ sup (—B;) < —} Nn{ sup (—B;s) <b-— Vt}>.
0<s<r(B)A(re—b/2) 4 2 (b)A(ve—b/2) 1 <s<t
(3.1.17)

Clearly, ¢ is positive on (0, 00)?%. O
The following proposition is the key ingredient in our proof of Theorem [3.0.1}

Proposition 3.1.3. There exists a function ®: (0,T] x (0, Ag) — (0,00) such that

Proof. Let (t,\) € (0,7] x (0, o). Then,

E[F(Y; +)) — F(Y;)] =E [F (A (¥+1)) _F<A%)}

3.1.19
e [u (22 e

— S .

Since A\ € (0, \g), condition (3.0.5D)) yields
Y;
Lvien ¥ <A7 ;) < Livieny (1= g(Ye + A)). (3.1.20)
In view of ¢ < sup,- flx) <1,
E[F(Y, + \) — F(Y; Y,
L )\> ) SE[l{n<A}¢(>\,Xt)}+P(K>A)

<E[Lyen(l— g(¥i +0)] +P(Y; > )) (3.1.21)

=1—E [l{ytgA} g(Y: + )‘)] :

Finally, we use supg<,<,(—Bs) < Y; = supgc,i(—Bs + A,) and A, <X, t € [0,T7:

E [Liv,<n 9(Yi + A)] = g\ P(Y; <A
(3.1.22)
> g(A)P( sup (=B, +X,) < A).

0<s<t
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Thus, thanks to Lemma |3.1.2]

E [1iye 90 + 2] > g(0) 9(t, A) = (£, \). (3.1.23)
Inserting this into (3.1.21]) we obtain (3.1.18)). O

We are now ready for the proof of Theorem [3.0.1]

Proof of Theorem [3.0.1 To start, we fix a A € (0,Ag) and decrease T' > 0 to
ensure Ay, — A, < A\ t € [0,T], relying on right-continuity. For a A" € (0, A], suppose
{t €0,7]: Ay — A, > N} # 0 and consider ¢y = inf{t € [0,7]: Ay — A, > N'}. Then,
ty > 0 by right-continuity, and

0<N <A, — A, = sup (A —A) <A< (3.1.24)

0<t<ty/

Therefore, we have

Zy, = sup (—=Bs+A,) <Y, + A, _Aty' (3.1.25)
0<s<tys
Thus, combining (3.1.6)), (3.1.7) and Proposition we infer
Aiy = Ay, = E[F(Z,,) = F(Y,,)]
<E[F(Yi, + A, —A,,) - F(Y2)] (3.1.26)

S (1 - (I)(t/\UAt)\/ _Aty)) ’ (At)\’ - At}\’)’

where ®(ty, Ay, — Atx/) > 0. Hence, A, — Atw = 0, contradicting (3.1.24]). We readily
conclude that {t € [0,7]: Ay — A, > X'} =0, and since X' € (0, \] was arbitrary, A, < A,,

t € [0,T]. Due to the minimality of A, it must hold A, = A,, t € [0,T].

To derive global uniqueness, we let

T =inf{t >T: A, #A,} € [T, ] (3.1.27)
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and suppose that 7" < co. By the definition of 77,
Xpo=Xo-+Bp —Ap- =Xo-+Bp — A =X/ (3.1.28)
and 1> = Liz>7vy, so that 1;>py Xovo = 157y X . Moreover, for all 0 < a < b,
P(1irsry Xo— € [a,0]) =P(r > T, Xqr— € [a,b]) < P(X7— € [a,D]). (3.1.29)

Thus, the right essential limit superior of the density of 1,571y Xy = 1oy X at 0
is at most that of X = X, namely E[f(—Bz + A )] = E[f(—=Br + Ay _)]. Since
f<1,and f =0 on (—o0,0),

E[f(=Br + Ap-)] = E[f (=B + Ay )] < 1. (3.1.30)

Consequently, the condition (3.0.4)) is satisfied at T7"— and we get A = A on a non-trivial
interval [T", 7" + s| by repeating [27, proof of Proposition 5.2]. (Note that the condition
(3.0.4) permits us to apply [27, Lemma 5.1].) This is the desired contradiction. ]

3.2 Analysis of specific oscillatory initial conditions

3.2.1 Initial conditions constructed from stochastic processes

In the present subsection we illustrate Theorem on initial conditions obtained from

sample paths of stochastic processes. Concretely, we consider initial densities

(14 S, —ke)+ A1, z€]0,1],
flx) = (3.2.1)
fo(x), =>1,

where (S;).>0 is a stochastic process starting at zero, (k,).>o is a function with ko =

0, and the (random) extension fy : (1,00) — [0,1] ensures that [~ f(z)dz = 1 and
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J @ f(x)dz < oo,

Our interest lies in processes S and functions x such that, almost surely, f violates

the local monotonicity condition (3.0.4]) but satisfies condition (3.0.5)). Clearly, condition

(3.0.4)) is violated if S, > k, for a sequence of x’s converging to 0, that is,

Sa
limsup — > 1. (3.2.2)
z]0 Ry
As a guiding example, take S to be a standard Brownian motion and k, = /2z|log |log z||.

Due to Chung’s law of the iterated logarithm (LIL), the resulting f violates condition
(3.0.4) almost surely. On the other hand, using the local Strassen’s LIL of [105], [37] we
prove below that condition (3.0.5) is satisfied almost surely. This result extends to other

centered continuous Gaussian processes admitting a local functional LIL as follows.

Let (S3)zep,1) be a centered continuous Gaussian process with Sy = 0 and a covariance
function I'(z,y) = E[S,S,] continuous on [0, 1]* and non-degenerate on (0, 1]°. We write
H(T') for the reproducing kernel Hilbert space associated with I'. Recall that H(I") is
defined as the completion of the space of finite linear combinations of {I'(z, -) }z¢(o,1) under
the norm induced by the inner product (I'(x,-),I'(y,-)) := I'(x,y). Elements ¢ € H(T)
obey ¢(z) = (¢, '(x,-)) and are continuous functions. Therefore, H(I") is a subset of the

Banach space C([0, 1]). Moreover, the unit ball

K={pec H{I): (¢,0) <1} (3.2.3)

is compact in C([0,1]) (see, e.g., [94, Lemma 3]). For technical reasons, we assume

throughout that the process S has the scaling property

(Sra)acion] = (V7 Se)acpa, 7€ (0,1], (3.2.4)
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for some oy > 0. Under (3.2.4)), there exists an a; > 0 such that

v(z) =T(z,2) = ayz®?, 2z €]0,1]. (3.2.5)

For simplicity, we take oy = 1, i.e., E[S?] = 1.

We say that S satisfies a local functional LIL if the following assertion holds for a
B € (0,00).

Assertion. Almost surely, the set

S
{(&)aep0,1}re,) == {( — ) } (3.2.6)
ST Bv/~(r) [1og [10g 7] /w1 ) reouy

is relatively compact in C([0,1]), and the set of its limit points as r | 0 is given by K.

In particular, for every continuous functional Z: C([0,1]) — R we have

limsup Z(£") = sup Z(¢) almost surely. (3.2.7)

rl0 pekK
A local functional LIL has been established in the case of a fractional Brownian
motion with Hurst exponent H € (0, 1), for which I'(z,y) = $(22# +y*# — |y — z|*') and
y(x) = 2?1 (see [85, Example 4.35]). Further, by taking Z(¢) = ¢; one derives the usual
LIL, so that the density f in (3.2.1), with x, = 8+/7(x) |log |log z||, violates condition

(3.0.4) almost surely. On the other hand, we obtain the next proposition, by observing

that 1 (\, 1) can be estimated in terms of £*.

Proposition 3.2.1. Suppose that S satisfies a local functional LIL. Then, almost surely,
the density f in (3.2.1), with r, = B/~(x) |log|logz||, adheres to condition (3.0.5).

We start the proof of Proposition with a technical lemma.
Lemma 3.2.2. In the context of Proposition|3.2.1

2
dx = 0.

K2lz 292

Ea(ut1)y/ V(@) ERVATENE
77
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(i) There exists an n > 0 such that

et

ptl
limsup sup /L 1€ — /() dz < —n. (3.2.8)
2

MO pef01]

(idi) limsupy fo [|€2] — /7 (@)]" de < 2.

Proof of Lemma For all small enough A > 0, all x € [0,1], and all = € 1101,

log 2)\x
Raxg . 202 _ 202 log ‘log E(u—i—l) 12 _ 1‘
Fag+1) V() (14 1)ee (p 4 1)ez log [log A(p + 1)] (3.2.9)
log 2)\x o
10g ‘ log )g\(,u—l-l) | 1/

< V2

9

log [log A(pe + 1)|

where we used that [\/[1+a| — 1| < /[a| for all a € R. If further < £ then

log 2z /(p+1)
log22/utl) > 0, and therefore

log 2\x — ioe 11 log2x/(n+1)
log A+ 1) || & log AM( + 1)
log 2x/(p + 1)
=1 1+ |——F——+-F 2.1
% ( | Tog A+ 1) (3:2.10)
log2z/(1n+1)
log A(pn+ 1)

‘log

Thus, we deduce

. 202 log 2 1 1)[)/2
Rax — S 2(12 (| Og I'|17;| Og (,LL+ >|) 1/2. (3211)
RV (@) (1 + 1) [ log A(uz + 1)[*/2 [log [ log A(p + 1)|
Result (i) follows immediately.
The functional
ptl
2(6) = swp [ 7 jota)| - VAl da (3:212)
refo,1] J &
on C([0,1]) is continuous, so that the local functional LIL implies
= =
limsup sup / 1€ — /v(2) dz = sup sup / |o(z)] — /y(x)de.  (3.2.13)
A0 pelo1] JE PeK pefo,1] J&
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Notice that for all ¢ € K,

|¢(x)| = |<¢a F(l‘, )>| < <¢:¢>1/2 ’ <F(JZ, ')’F(‘T’ ')>1/2 < V 7(33)7 T [0’ 1]7 (3'2'14)

thanks to (I'(z,-),I'(x,-)) = ['(z,x) = y(z). Moreover, it is enough to prove that

a+1/2
sup sup | / lop(x)] — /v(x)dx < 0. (3.2.15)

¢eK acl0,1/2

If the supremum in (3.2.15|) was zero, then the continuity of the underlying functional
on the compact K x [0, 1/2] would yield the existence of some ¢ € K and some a € [0, 1/2]

such that

a+1/2
/ |¢(2)| — V/7(z)dz =0, (3.2.16)

and thus the Cauchy-Schwarz inequalities in (3.2.14]) would hold with equality for Lebesgue
almost every = € [a,a+1/2]. As a consequence, {I'(z,-)}, would be pairwise linearly de-

pendent for these z, in contradiction to the assumed non-degeneracy of I'. This proves
(ii).

To obtain (iii) we apply the local functional LIL to the continuous functional
! 2
o) >R on [ 6] - VA@)[ (3217
0
and use |p(z)| < \/7(x), z € [0,1] for ¢ € K to easily get

/O |l6(2)] = /A ()|" dz < 2 sup y(z) =2 (3.2.18)

z€[0,1]
for all those ¢. n
We are now ready for the proof of Proposition [3.2.1|

Proof of Proposition [3.2.1. We only need to show (3.0.5b]). Throughout the proof

we take A9 > 0 to be small enough so that |logAx| > 1, A € [0, \), z € [0,2]; & is
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non-decreasing on [0,2X]; and f(z) <1+ S, — ks, x € [0,2)o]. Then,

o = B/ 0N0) T o] 2 /772y 2L 8 A —log 2|
Az — = A
log [log A| (3.2.19)
= V() KAy,
where |
log ‘1 + % 1/2
= ° 1. 3.2.20
i ’ log | log A| o ( )
It follows that, for A € [0, \g) and = € [0, 2],
A
f(/\I) S 1+ Rz (lS}w| - 1) S 1+ fixe < |§x| - q,\>. (3221)
Kz qx ()
Let @ 1= 2792/2¢)  Then, for p € [0, 1],
1 ptl |§/\|
YA p) —1< — Kz (—x - QA) dz
x Ju V()
2 "% )
= — Koxz <—|£2$| - q,\) dx
ns 7(22) (3.2.22)
2 [ ( &1 ) -
=— Koz —q | dz
an Ju ()
gt 2
2 2 1
< = Koxe (M — 1> dx + ’1 — — | Ra(u+1)-
ax Ju v(x) qx
Next, we abbreviate 22/2 /(i + 1)*2/2 by ((p) and rewrite
ui 2
/ ’ Korg ( &2| — 1) dz
s V()
ptl
2
— e ([ 181 VAT da (3223
5
ptl
1 /2 ( Koz ~
+ — C(M)) &1 = V(@) dx)-
C(w) Ju K1) VY () ( )

d

Using that 1 < ((u) < 2°2/2 that (@)16[0,1]7)\6(0,1} = (fg)we[o,l],m(m] by the scaling rela-
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tion (3.2.4)), and the Cauchy-Schwarz inequality in conjunction with Lemma [3.2.2]1),(iii)

we obtain

limsup sup
MO pel0,1]

L N e o — x x| =
C(u)é (’wum\/@ C(u))(lé“xl V(@) dz| =0.  (3.2.24)

In conclusion,

1#()\, :u) —1

202/2 K\ (ut1)

IN

1#()\’ :u) —1
C(1) Fagurn)

petl
2 1 2 Ko ~
2 s | [ () (8- VAT ds
ax pelo,) C(M) 4 Ex(u+1)V 7(@ ( )
1
N
ax
(3.2.25)
for which ([3.2.20)), (@)xe[o,l])\e(o,l} A (ggé\)xe[o,l},Ae(O,l]y Lemma [3.2.2] (ii) and (3.2.24)) yield
the existence of a \g > 0 such that
YO ) <1 =292 sy ) g (3.2.26)
for all A € [0, Ag) and p € [0, 1]. O

Remark 3.2.3. (a) Our proof of Proposition also applies to densities f with the

property

flz) = (1 + Ry (& - 1))+ AL, xe0,1], (3.2.27)

€T

for a mon-negative non-decreasing function k obeying

ptl

. 2
lim sup /
MO pefon] Ju

_ o
f2x da = 0. (3.2.28)

Fx(u+1) VY () IRVESVE

81




In addition, one can cover densities [ with

flz) = % AL, z€0,1] (3.2.29)

by repeating the proof of Lemma (2’2’) for the final line in (3.2.22) with 1 in place of k.

(b) By using a very similar method, we can verify condition (3.0.5)) for densities f such

that
_ 1Syl
(r)=—"—=A1, =z¢€(0,1], (3.2.30)
Ri/z
where S satisfies the scaling property (3.2.4)) and a local functional LIL “at infinity”: Al-

most surely, the family {(Sﬁ

P )9&6[0 1]}T>3 is relatively compact in C([0,1]) with the set of

limit points K as above. The local functional LIL at infinity is known for various classes
of Gaussian processes S, including fractional Brownian motion (see [85, Example 4.36]),
semi-stable Gaussian processes (see [94], Theorem /]), Gaussian processes that are not
necessarily semi-stable (see [95, Theorem 4]) but for which [95, Condition (A-1)] makes
an adaptation of our proof possible, and rescalings of Brownian motion (see [16, Theo-

rems 1-3]).

(c) Another interesting process admitting a local functional LIL at infinity is iterated
Brownian motion (see [61, Theorem 1.1]). In this case, our proof can be adjusted as

follows. Let (W}),er and (W2),>0 be two independent standard Brownian motions. Define

Se=Wys, x>0 (3.2.31)
and
ke = 2% 424 (loglog 2)¥4, x> 3. (3.2.32)
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The relevant compact subset K of C([0,1]) is then given by

K = {fog: f € C=1.1]). g € C([0.1)). £(0) = g(0) =0,

X X (3.2.33)
/ f(z)*dx +/ g (z)*dz < 1}.
-1 0
Indeed, [67, Theorem 1.1] implies that, almost surely,
. S
limsup Z <—) = sup Z(¢), (3.2.34)
r—00 Ky peK

for any continuous functional Z : C([0,1]) — R. This allows us to redo the proofs of

Lemma and Proposition |3.2.1. In particular, the inequalities in (3.2.14) can be

replaced by

fb(fﬁ)z/o1 F'W) Ly<gpy dy < (/01 f’(y)zdy) " 9(x)

<z,

for allxz € [0,1] and ¢ = fog € K.

3.2.2 Initial conditions constructed from periodic functions

Let U : [0,00) — [—1,1] be a periodic function with sup,>, [y ¥(y)dy < oo and
limsup,_,., ¥(x) = 1. In this subsection, we show that, for any o > 0, the oscillat-

ing probability density given by

Fla) =+ (1 LU <i>)  2c(0,d (3.2.36)

2 xro

satisfies condition (3.0.5)). The parameter o controls how fast the density oscillates (cf. Re-
mark [3.0.5]).

83



Proposition 3.2.4. Fvery probability density f defined by ([3.2.36)) obeys condition (3.0.5)).

Proof. We only need to check (3.0.5bf). To this end, for \ € (0, 9) and p € [0, 1], we

2

compute

11 et 1 1 [ U(z)
) ——=-[ W dz = — dz.
YA =3 Q/N (Aama) SDYS N S

P

Integrating by parts, writing H(x) for foz U(y)dy, and using p+ 1 < 2 we get

1 1 1 1
A = /\a—i—l a—l—lH - . )\a—i—l 1 a+1H -
YA =5 = 5 { : (A“u“> (k1) (A“(/H 1)“)}

1
1 1 AXu® H(:E)
— | —+1
+204)\ (04+ )/ 1 ggi“dx

PRSI

AO{
< sup H(z) —2*%,
x>0 «

Therefore, it holds

sup P(A, p) < (3.2.37)

nelo,1]

a1 o

for all A > 0 small enough. O]

3.3 Refined analysis for some piecewise constant ini-
tial conditions

This section is devoted to the well-posedness question for oscillatory and piecewise con-

stant probability densities defined by

o, T € U [a2n7a2n—1)7

f(z) = =l (3.3.1)

az, x€ | [agnt1,a2n),
n>1

1

where 0 < a; < 1 < ag, ag,—1 = " tay, az, = pr*tay, and r = pq, p,q € (0,1). Such

densities are of interest because they can violate both (3.0.5a) and (3.0.5b]), thus ne-
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cessitating additional arguments to prove the uniqueness of the associated physical so-
lution. Note that the CDF F' is piecewise linear and oscillates between the half-lines

y = fix and y = Pex, with 0 < 8 < 3 given by

1

- (a2p(l = q) + a1 (1 = p)), (3.3.2)

1
1 —pq

(a2(1 —q) + arg(1 —p)). (3.3.3)

For technical reasons (see Proposition below), we assume in the following that
By < 1, namely

1—

Condition ({3.0.5a)) is not satisfied by f. For ¢ € (0,1/2], condition (3.0.5b]) fails for it as

well.

Proposition 3.3.1. For g € (0,1/2], the density f defined by (3.3.1) violates condition
3.0.50).

Proof. Take A = %‘1 ao,41 for an integer n > 1 and set g = ﬁ € (0,1]. Observe that

AL = Ggp 41, whereas A(t + 1) = agpiq (1 + %) = ay,. Thus,

fit1
/ fAz)dz = ag > 1. (3.3.5)
i
Consequently, also
pt1

sup / f(Az)de = ay > 1. (3.3.6)

pef0,1] Jpu
Hence, condition (3.0.5b)) cannot hold. O

Nevertheless, we are able to prove Proposition [3.0.6l Our proof relies on the next

proposition, akin to Proposition [3.1.3]

Proposition 3.3.2. For any as > 1 close enough to 1,

F(Y,+h)— F(Y,
sup sup E (H_ ) (t)

t€(0,1] h>0 h
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Once this result is proved, the desired uniqueness on [0, 7] can be shown by proceeding
as in the proof of Theorem [3.0.1} only with 1 — dy in place of ®(¢, ). The strategy of the
proof of Proposition in turn, lies in finding a set G C [0, 00) such that for ay > 1

close enough to 1,
Fly+h) - F(y)

sup  sup =L <1 (3.3.8)
yeG h>0:y+h<ay h
Then, estimating the expectation in (3.3.7)) according to
F(Y,+h) - F(Y,
g|FYeHN = FOD) - P e ) (3.3.9)

h
it remains to check that Y; falls into G with a sufficiently high probability, namely

1
inf P(Y,eG)> 2" (3.3.10)

te(0,T] a9 — L

The two assertions (3.3.8)) and (3.3.10) are the subjects of Subsections [3.3.1| and [3.3.2

respectively.

3.3.1 Proof of (3.3.8)

Lemma 3.3.3. Let G = Unzl[a2n+2= 0a2,11) U [ag, 00), where ¢ = #. Then,

F h) - F 1-— 1—
sup sup y+h) ) = ( 9)o2 + a( Qo = L. (3.3.11)
yeG h>0:y+h<ay h 1— qo

Moreover, for as > 1 close enough to 1, it holds L < 1.

Proof. It suffices to show ([3.3.11)) with G'\[az, 00) in place of G. To this end, fix an n > 1

and a y € [agn+2, 0a2n+1]. Define the function

Fly+h)—F(y)
. .

0:(0,a; —y] — [0,00), h (3.3.12)
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By the definition of F', we have for k =1, 2, ..., n:

¢'(h) >0, y+h € (w1, a),

9’(h) S 0, Yy -+ h € (azk, agk,l).

Therefore,
F h)—F F - F
wy P+ =F) | Flew) = Fl)
h>0: y+h<ay h a2 >0a2n Aok — Y

Notice now that the sequence

(=)

is non-decreasing. Indeed, for k =2, 3, ..., n,

Flas) — F(y)  Flam—2) — Fy) _ (yB2 — F(y))(azk—2 — az)

= > 0.

Qo — Y Ao—2 — Y (&2k - y) (@21%2 - y)

We conclude
wp  Fth) - Fly) _ Flas) - Fy)
h>0: y+h<ay h Qo2p — Y

Since the right-hand side is non-decreasing in y on [ag,42, 0G2,41],

sup wp PN = Fl)  Fla) - Flom)

y€Elazn+2,0a2n+1] h>0:y+h<ay h A2p — 0Q2n+1

I —qo

This proves the first statement. The second one is straightforward to verify.

3.3.2 Proof of (3.3.10)

The key step in deriving (3.3.10)) is an estimate of the probabilities

P(Y; € [aVt,bvt]), 0<a<b, te(0,T).
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(1 = g)az +4(1 — gan.

(3.3.13)

(3.3.14)

(3.3.15)

(3.3.16)

(3.3.17)

(3.3.18)

(3.3.19)



For that purpose, we establish the 1/2-Hélder continuity of the frontier A on [0,77]. As

a preparation for the latter, we introduce for each t € [0, 7] the function

and notice immediately that F}(z) < as. Moreover, we have the following bound.

Lemma 3.3.4. For all t € [0,T], it holds
2
Apan — Ny — Fr(Aan — Ay) < 0@\/; vh, h>0. (3.3.21)

Proof. We start with the inequalities

Ay — Ny = IP’( sup (—Bs+As) < Xo- < sup (—Bs+ As))

0<s<t 0<s<t+h

= P( sup (—Bs + AS) + Bt - At < X()_ + Bt - At S sup (—Bs + As> + Bt - At)

0<s<t t<s<t+h

S P(O < Xt S sup (Bt - Bs) + At+h - At)

t<s<t+h

= Fi(Apyn — Ay)

FP({Avpn — A < X} N {Xy — (Mg — A) < sup (B, — By)}).

t<s<t+h
(3.3.22)
Consequently,
Nppn — Ay — Ft(At+h - At) < / P(IL’ < sup (Bt - Bs)) dFt(33 + Ny — At)
0 t<s<t+h
5 (3.3.23)
S aQ\/j \/Eu
s
as stated in the lemma. ]

As a direct implication, we obtain the square root behavior of the frontier A.

Proposition 3.3.5. For any as > 1 close enough to 1, there exist 0 < ¢; < ¢g < 00 Such
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that

eVt <A < eVt telo,T] (3.3.24)

Proof. For the lower bound, we notice that Z; > supy.,«;(—Bs), and hence,

A= E[P(Z0)) > B[F( sup (B.)] > AE[ swp (~B)] = Aiy/ 2 Vi, te[0.7)

0<s<t 0<s<t
(3.3.25)
For the upper bound, we apply Lemma with ¢ = 0 and get
(6] 2
Ap < “Vh, he (0,7 (3.3.26)
1-— 52 m
thanks to Ag = 0 and Fy(z) = F(z) < fax. O

The 1/2-Holder continuity of A on [0, 7] is deduced similarly from the next proposi-

tion.

Proposition 3.3.6. For any as > 1 close enough to 1, there exists a f € [0,1) such that

(i) Fy(x) < Bz, 2>0,te€[0,T], and

(ii) E[f(A_ + B)] < B, t € (0,T).

In particular, A is continuous on [0,T].

Proof. Fix a C € (0,00) and consider a t € (0,7]. Then, for z > CAy,

Fy(z) SE[F(A: — By + 2)] < BE[(Ar — By + x)4]

140 1 Y (3.3.27)
< T+ t].
< 75 Vi)
In view of the square root lower bound v/t < [C‘—lt, we have for z > C'A4,
14+C 1
Fi(x) < + x. 3.3.28
0 < (55 o) (3329
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Since ¢; = f14/2/m > ay4/2/m, we conclude

1+C 1
R < (T 50+ o

)x, x> CM\;. (3.3.29)

Next, take x < C'A;. By definition,

A¢—Bi+z A+ A¢+a
re - [ ] <E| [T 6= ma] - [ s06 B a
A:+—By A¢ At
(3.3.30)
Thus, it suffices to show that for any as > 1 close enough to 1, there exists a § € [0, 1)

such that

E(f(y+B)] <f ye€ A, (l+C)A] (3.3.31)

Set H = | [agk, agk_1) U [a1,00) and estimate E [f(y + B;)] according to
k>1

Elf(y+B)] =E[(f1a)(y + B)] + E[(f 1a:)(y + By)]

Sozg—(OzQ—al)]P’(y+Bt EH)

(3.3.32)

Our goal now is to lower bound P (y + B, € H) for y € [A4, (1 + C)A;]. We distinguish

four cases.

for some n > 0. In this case, we find

Case 1: y € |agy.0, —CLQ"H?QHl)

Py+B € H)> ]P’(Bt € [azni2 — Y, a2ns1 — Z/))
o (3.3.33)
> ]P’(Bt c [07 w>)
In view of
Aopt1 — Gon 1—0p 1—p 1—p
TS = g 2 5y 2 A (3.3.34)
we get
1 _—
P(y+ B e H)> IP’(Bt e [0, > pAt>>. (3.3.35)



Case 2: y € [W, a2n+1) for some n > 0. Similarly to the previous case, we have

n - n 1_
P(y+Bt€H)ZIP><BtE[—M,ODZP<B,5€[O, sztD' (3.3.36)

2

Case 3: y € [agni1, Go,) for some n > 1. In this case,

P(y+Bt GH) Z]P)(Bt S [a2n_y7a2n—1_y])

A2p—1 — A2 6_7(”2%1‘”2

> 2t
= ot (3.3.37)
Qop—1 — Aoy _ (@2n—1—a2,11)>
- " 2t
- V2rt
Using
11— 1-— 1-—
Aop—1 — Aop = Qon, py 2 pAt (3338)
p p
and
1— 1-— 1-—
Aop—1 — Aopy1 = pq&2n+1 < pqy < pq(l + C)Ay (3.3.39)
pq Pq Pq

we end up with
1—p A, _C-pp?010)?A?

Ply+B, e H) > —— e (ra)? 2 3.3.40

(y t ) - P \/ﬁ ( )

Case 4: y € [a;,00). Here,

P(y+ B, € H) > P(B; € [a1 — y,00)) > (3.3.41)

N —

Combining (3.3.35)), (3.3.36)), (3.3.40) and (3.3.41)), and employing ¢; < \’}—% < ¢y, We

arrive at

. 1—p l—p ¢ _G-w’0+0? |
P(y+ B, € H) > IP( [0, D— w? 7 =), (3.3.42
e+ B e ) 2 min (P(v e 0.5 0] ) oL 2)- 3342)

At this point, we choose C' = (20‘1“)’82, so that

a1 (1—PB2)
1+C 1 1+ f,
= 1. 3.4
52< c +2a10> 5 < (3.3.43)

91



Then, the right-hand side in (3.3.42]) depends on as via ¢y, ¢, and C. For as | 1, the
values of 3, 52 tend to (distinct) limits in (0, 1), hence ¢; stays bounded away from zero,

and co, C' stay bounded away from infinity. Therefore,

liminf P(y+ B, € H) >

asgll

3.3.44)
1— 1— _a-p?0+0)? 3 ] (
lim inf min ]P’(./\/E [0, pcl]), b 4 e (pa)? >,z >0.
azll 2 P 2T 2
Consequently, for any as > 1 close enough to 1,
—1
P(y+ B, € H) > 2~ (3.3.45)
Qg — (1
yielding by (3.3.32) a 5 € [0, 1) such that
Elf(y+ B)] <8, e[\ (1+C)A]. (3.3.46)
Together with (3.3.30)), (3.3.29)) and (3.3.43)) this finishes the proof of (i).
Result (ii) can be obtained by noticing that
Ay A
€1 =c sup ~— > < sup : (3.3.47)

0<s<t 0<s<t \/_ \/—

and by subsequently repeating (3.3.32))—(]3.3.46|) mutatis mutandis. Lastly, the final state-

ment in the proposition is immediate from (ii) and the physical jump condition (3.0.3)). O

Combining Lemma and Proposition [3.3.6| we deduce the next proposition.

Proposition 3.3.7. For any ay > 1 close enough to 1, there exists a c3 € (0,00) such
that
A — A <esVh, hel0,T—t], telo,T). (3.3.48)
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Moreover, c3 can be chosen according to

—. (3.3.49)
We are now ready to estimate the probabilities in (3.3.19)).

Lemma 3.3.8. Let U = supgc,<;(Bs + c3v/s). Then, for any ap > 1 close enough to 1,

P( sup (—Bs + A) € [aVH,bVE]) >P(IN| > a) P(U<b—a), (3.3.50)

0<s<t

for all0 < a<bandte (0,7

Proof. We fix 0 < a < b, t € (0,T], and set
7, =inf{s > 0: B, + A, > aV/t}. (3.3.51)
Consider the representation

P( sup (=B, + A) € [avt,bvt]) =P(r, <t, sup (B, + A,) < bVt). (3.3.52)

0<s<t Ta <5<t

By the continuity of A,
B, + A, =aVt, (3.3.53)

and therefore writing W for the Brownian motion B, ;. — B, we find
P( sup (—Bs+ A,) € lav't, b\/ﬂ) =P(r.<t, sup (Wo+A,1s—A,) <(b— a)\/g).
0<s<t 0<s<t—7q
(3.3.54)

Next, we use A, s — A, < c34/s to deduce

P( sup (=B, + Ay) € [avt,bvH]) > P(r, < t, sup (W + c3v/5) < (b—a)Vt). (3.3.55)

0<s<t 0<s<t
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The trivial lower bound A > 0 implies

P(r, <t)=P( sup (B +Ay) > av/t) > P( sup B, > avt) =P(IN]|>a). (3.3.56)

0<s<t 0<s<t

This and the independence of W from 7, yield

P( sup (—Bs+A,) € [aV/t, b\/ﬂ) >P(r, <t)P(U<b—a)
0<s<t (3.3.57)

> B(IN] > a) P(U < b—a),
finishing the proof. [

We conclude with the proof of (3.3.10)).

Lemma 3.3.9. For any ay > 1 close enough to 1, there exists a 6 < 1 such that

Jnf P(Y€G) > 2‘;:2 (3.3.58)
Proof. Fix at € (0,T]. If vVt < as, let n > 1 satisfy
ray = agnys < VE < asnar = r"ay. (3.3.59)
Then,
Qa%ﬂ\/_g (2n4-2 >0—p (3.3.60)
and
a””\/? < % (3.3.61)

Therefore, by Lemma |3.3.8|

P (Y; € [agns2, 0a2,41]) = P (N> 1/q) P(U < 0—p), if VI <as,
P(Y;€G) >

P(Y; € [a2,00)) > P (N] > ao/Vt) > P(IN| > 1/q), if V> as.
(3.3.62)



Since c¢3 (appearing in the definition of U) stays bounded as as | 1,

limi{lf PY,eG)>P(N|>1/q) limﬁlfP(U <o—p)=:11t>0. (3.3.63)
a2

agl

Thus, for any ay > 1 close enough to 1,

P(Y, €G) > % (3.3.64)
Choosing

5= ay— %(ag — ) (3.3.65)

we obtain, for any as > 1 close enough to 1,
P(vieG)>t= 270 1 s<1 (3.3.66)

i n L.
¢ -2 Qg — L & ’

and hence, (3.3.58]). O
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Chapter 4

Strong existence and uniqueness of a
calibrated stochastic local volatility

model

For the family of local stochastic volatility (LSV) models

ds, = Ulsv(ta St)atStdBta t >0,
(4.0.1)

St:O = 807

to be calibrated to the market prices of European call options (C(t, K)):~0 x>0 it is enough

to take the leverage function oy, as

Jloc(ta K)
E [a?|S; = K]

Ol (8, K) = , t>0,K >0, (4.0.2)

where (St)i>o is the price process, (B:)i>o is a real standard Brownian motion, Sy is a
positive random variable independent of (By):>0, Oloc(t, K) := %,t >0,K >0is
the so-called Dupire volatility [31] and (a;);>0 is any stochastic process. This is justified
by Gyongy’s theorem [57] that asserts that a stochastic process (S;);>o solving

and (4.0.2) has fixed-time marginal distributions given by the marginal distributions of
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the local volatility model dS}°® = 010 (t, Si°°)S°d B; and starting at Sp. In order to make
the model tractable, one commonly assumes that (a;);>o is given by (1/f(Y:))i>0 where
[ :R = R% is a bounded smooth function and (Y;)¢>¢ is another real It6-Lévy process

eventually correlated to (By)i>o.

Formally, the joint density p(t, s, y) of (Si, Y2), (t,s,y) € Ry x RY x R, solves a quasi-
linear and non-local Fokker-Planck partial differential equation (PDE), whose coefficients

depend upon the non-linear term

[p(-, 2)dz

[ () 2)dz (4.0.3)

While the applications are important in calibration to market implied volatility sur-
faces ([59], [53, Chapter 11], [I], [103]) the existence and uniqueness of solutions to the
SDE and PDE problems is still an open problem. Only partial results have been obtained

in particular cases.

Abergel and Tachet showed in [2, Theorem 3.1], the existence of a classical solution
to the PDE problem in a bounded domain of R? and with additional Dirichlet boundary
condition - for short time, and for sup |f”| small enough. In [76, Theorem 1.4], the
authors established the existence and uniqueness of a stationary solution to a similar
SDE (a drift needs to be added to the dynamic of (S;)i>¢ to allow the possibility of a
stationary measure). Jourdain and Zhou proved in [67, Theorems 2.4, 2.5], the existence
of a weak solution to the SDE. Under the assumption that (Y;);>¢ is a jump process
taking finitely many values and after writing the PDE problem as a system of parabolic
equations in non-divergence form, the authors are able to write a variational formulation
of the problem, for which existence of a solution can be proved - by the Galerkin’s method
- provided that the range of f is small enough. They are then able to prove the existence
of a weak solution to the SDE. Uniqueness and propagation of chaos are out of reach
in the approach of [67] because higher regularity of the weak solution is needed. Global

regularity of weak solutions to parabolic systems is still an open problem.
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The difficulty of the analysis of the McKean-Vlasov SDE and the related non-linear
PDE stems from the singularity of the denominator [ f(z)p(-, -, z)dz. However, the well-
posedness of McKean-Vlasov problems with coefficients depending smoothly on the den-

sity p of the unknown process has been studied in various papers [65], [93], [72], [15].

The main contribution of our paper is the proof of well-posedness of a regularized

version of SDE (4.0.1)) - (4.0.2) when (a;)>o is time independent and given by f(Y),

where Y is a fixed random variable independent of (B;);>o and takes finitely many values
in{1,...,N}, N>2and f:{l,...,N} = R%. The regularization is chosen so that the
calibration property is conserved. In other words, the fixed-time marginals of a solution
are still given by the marginals of S1°¢ = S; + fg Tloc (8, S¢)Seed B, t > 0.

Let (X¢)i>0 = (log St)t>0 be the log price and set o(t, z) 1= oi0c(t, €%), (t,2) € Ry x R.
Herein, we assume that Y is a random variable taking finitely many values {1,--- N},

N > 2. Let € > 0 and consider the McKean-Vlasov SDE

/

_ 1 e+Hf(YV)p(t,Xt) e+f(Y)p(t,Xt)
dX; = =5 FEFopexn 0 (b Xe) d”\/ SRS 0 (6 Xe)dB,

P (X, € dx) = p(t, z)dz, (4.0.4)

Xt:0 = XO7

\
where X is a real random variable independent of (B;):>o.
We notice immediately

2

€+ f(Y)p(tv Xt) Yy 9
(\/ FEFO)IX X0 X”) | = ot X7, (4.0.5)

and consequently the model is calibrated, meaning exp(X;) and S}°° have the same law

for all ¢ > 0.

In the general case where (a¢)i>0 = (f(Y:))>0 and Y is an Itd process, the uniform
ellipticity of the non-linear PDE - written in divergence form - solved by the joint density

p(t,z,y) of (X;,Y;), t > 0, does not hold a priori. This property is a key element
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in establishing uniqueness in [65, Equation 1.8]. Therefore, we made the restrictive
assumption that Y is a time-independent discrete random variable and takes finitely
many values. Assuming that the range of f is small enough, we are able to derive a
uniform ellipticity property for the PDE problem, in the spirit of what is done in [67].
We assume in the whole chapter that ¢ is smooth, has bounded derivatives and there
exist 0 < 09 < o7 such that oy < o(t,x) < oy for all (¢,z) € Ry x R. Moreover,
we assume that the measure P (X, € deNY =n) admits a density P, : R — Ry - of
total mass P (Y = n) - with bounded first and second derivatives and such that for some

)

a € (0,1), the second derivative P* is a-Hélder and

IPulleee = 3 POt sup L PEWIE (4.0.6)
0<k<2 z,yER,z#y |z — 9

Denote fiax = maxj<p<ny f(n), fmin = min;<,<n f(n) and

1 X
f=% n;f(n). (4.0.7)

We introduce the following small range condition on f.

Condition 4.0.1.

1 al al 1 1 al —
— |N+1— max f(n) — | AN1> (f(n) = f)?
2 1<k<N nzgﬂ nzgﬂ f(n) Fin \| 4= (4.0.8)
fmax - fmin
* fmin .

We are now ready to state our main result.

Theorem 4.0.2. Let T' > 0. If Condition is satisfied, P belongs to (C*T*)N «a €
(0,1) and the norm Zivzl | Pnl|c2+a is small enough, then there exists a unique strong solu-

tion to SDE (4.0.4]) on [0,T]. Moreover, X admits a smooth density p € (C’l+a/4’2+a/2)N.

We study as well the question of propagation of chaos for SDE (4.0.4). Let M > 1,

(6a)m>1 € (0, 1N be a sequence converging to 0 and W; : R — R* be a bounded kernel
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function with a bounded derivative and satisfying [ Wi(z)dx = 1 and [ 2W;(x)dz = 0.

Denote

1 .
= — — . 4.0.
e () 409

Let (B})i>0.>1 be a collection of i.i.d standard Brownian motions and (X¢,Y?);>1 be a

collection of i.i.d random variables of law P(Y* =nnN X} € dr) = P,(z)dz, 1 <n < N.

For M > 1, we introduce the approximating system of M particles, already considered

in [52] (for e =0)

Le o+ FOV) 5 M W, (6P — X7

XM = — | | |
t 2e+ LS FY) Wy, (XM — X9M)

o(t, XPM)2at

— YT (4.0.10)
5_‘_](‘(YVZ)MZj:lI/V5M(‘Xlt7 - Xy )

' i —o(t, X;")dB;,
€+ ﬁ Z]j‘il FY9)Ws,, (Xt’M — XJ:M) t t

initialized at X}y = X 1 <i < N.
Assume that the conditions of Theorem [4.0.3] are satisfied. For each 1 < i < M,

let (X' “Y¢>0 be the particle starting at XS’M solving (4.0.4)) and driven by the Brownian

motion (B});>o and Y

(

Cled f(Y) S Balt, X)
2 e 200, F(m)palt, X))
Yy pa(t, X S
' \/5 : f( N) Zn:lAp ( 5 t)U(t,th)dBZ,
€+ 2 nor f()Pn(t, X3) : (4.0.11)
P <X§ cdrnNY'i = n) = pn(t, z)dx,

dXi = o(t, XP)2dt

0<t<T.
\

The existence and uniqueness of the process (X;™)o<;<1<i<n is ensured by the regularity

of the drift and diffusion coefficients, given by Theorem [4.0.2]

Under Condition [.0.1 propagation of chaos holds.

Theorem 4.0.3. Let T > 0, (X;"™);50 and (X})iso be given by ([£.0.10) and ([£.0.11)
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respectively. Assume that (Opr)p>1 converges slowly enough towards zero such that

A}gnoo i 5 =0. (4.0.12)
for all constants C' > 0.
Then for all1 <1< N
lim E { sup | X! —f(;'y?} =0. (4.0.13)
M—o0 OStST

Consequently, for all k > 1 the law of the process (XbM XM X®M) converges

weakly towards pp @ p @ - -+ ® p, where p s the law of X1

The main application of this result is the justification of the particular method for
calibrating the LSV model described in [52], [53, Section 11.6.1].

The rest of the article is structured as follows. In Section .1l we introduce notation
and prove Theorem Existence is proved in Subsection and uniqueness in
Subsection [£.1.2] Section [4.2)is devoted to establishing propagation of chaos.

4.1 Existence and uniqueness

Throughout the rest of the chapter T" > 0 is fixed, and

e Foranyd > 1and X € R? we denote || X ||, = \/Zle X? and || X |0 = maxi<i<q | Xil.

e The scalar product is denoted (-, -)
d

(X,Y) =) X;¥;, X eR'Y eR". (4.1.1)

i=1

e We denote by LP,p > 1 the space of measurable real-valued functions ¢ for which
Iélle = ([ |o(x)Pda) " is finite.
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e We denote by C'(0, T, L?) the space of measurable functions ¢ : (t,z) € [0,T] xR —
R such that the mapping ¢ € [0,T] — ¢(t,-) takes values in (L?|[|z2) and is

continuous.

e For a € (0,1) we denote by C*™® the space of real functions ¢ on R for which
|p|c2te < 00. We denote by Ck+@)/2k+a the space of real functions ¢ on [0, 7] x R
which are continuous together with their derivatives 97 d\¢, 2r +1 < k and admit a
finite norm

Il ctsaznra = Y sup |0;OLo(t, x)]

ariiek (L2)EO.TIXR

|07 00(t, @) — 0[O, ¢ (s, )]
[t — s|(—2r—T+)/2 (4.1.2)

> sup
k—1<2rt+i<k TERE,s€[0,T]
oroLo(t,x) — oroLo(t
+ Z sup | t x(b( 7‘%‘) t x(b( 7y)|,
2r 11— tE[0,T]z,yeR |z — yl®

where 0; and 0, are the partial derivatives with respect to ¢t and z.

e ST is the set of symmetric and positive N x N real matrices.

For each 1 <n < N and t > 0, denote by p, (¢, z) the conditional density of X, given
Y = n, multiplied by P (Y = n). In other words, p,(t,z)de =P (X; €dxNY =n),x €
R,1<n < N. Set P,(z)de =P (XoedxNY =n) for 1l <n<N.

The PDE problem solved by (p,)1<n<n can be formulated as a system of NV parabolic
PDEs

(

Oip = $05:[0” B (p)p) + $0: [0*B(p)p] , (t,x) € [0,T] X R,
y /P (Y = n)is a probability density, (4.1.3)

pn(0,2) = Py(z), x e R;1 <n <N,

\
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where B(u),u € (R;)" is a diagonal matrix whose diagonal elements are

st 5

ueRY,1<n<N. (4.1.4)

The proof of Theorem is a direct application of Propositions [£.1.1] and [4.1.4]

below.

4.1.1 Existence

Under the condition that the norm 3 | [|P,[lc2+a is small enough, we prove the ex-
istence, in the classical sense, of a solution to Problem and the existence of a
stochastic process (X;);>o solving SDE (4.0.4). The proof follows the approach of [65,
Proof of Proposition 2.2] adapted to our specific McKean-Vlasov equation, whose coeffi-

cients depend on the marginal ZnNzl P, and the quantity ij:l f(n)pn.

Proposition 4.1.1. There exists a constant C', depending on T, fuax, fmin and €, such

that if SN || Pallczve < C, then there exist a solution (p,)i<p<y € (CTHO/22H)N ¢

Problem (4.1.3), and a solution (Xi)icjor) to SDE (4.0.4)).

Proof. For 1 < n < N and non-negative u € (C'+%/22+)N " define the operator
1 2 pe 1 2 pe
Oy — Ly v := 0w — §8m[0 B; (u)v] — 5035[0 B; (u)v]. (4.1.5)

L, is a uniformly parabolic operator of second order with coefficients in Co/% Ac-
cording to [65, Proposition 1.1](or [77, Chapter IV, Theorem 5.1]), there exists a unique

v, € C1F/22+ guch that v, /P (Y; = n) is a probability density and solves in [0,7] x R

atvn = Ln,uvny

(4.1.6)
v,(0,2) = P,(z), x € R.

Moreover, there exists a constant C’ depending only on the regularity of the coefficients
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of L., (namely frax, fmin, € and Zl]\il |1]]1+a/2,24+a) such that

N
HUTLH01+O‘/272+O‘ < o (fmax; fmim g, Z ||ul||cl+a/2,2+a> ||PnH02+a- (417)

=1
A wuseful fact about the constant C’ is that it is non-decreasing in its last argument.

We construct by induction a sequence of solutions as follows. Start by pl(¢,x) =
P.(z),t € [0,T],1 <n < N and x € R. For m > 1, let p € C**/22+® for each

1 <n < N, be the solution of

(

atpnm = Ln,pmflp:}a

p/P(Y = n)is a probability density, (4.1.8)

P (0,x) = P,(z), x € R.

Using estimate (4.1.7)), we have for each m > 1

N N N
Z ||pnm||01+a/2,2+a < (04 (fmax’ fmin’ g, Z ||p;n—1||cl+a/2,2+a) Z ||Pn||c2+a. (419)
n=1 =1 n=1

N
n=1

Under the assumption Y ", || Pullosa < C :=1A we have by induction

___ 1
C/(fmaX7fmin7571) ’
that S [|p7]|crearzee < 1 for each m > 1. Indeed, the result holds for m = 0. If

Zgﬂ 27| c14ar224a < 1 then

N N
S P lersarzara < O (faes fanins € 1) Y [ Pllozsa < 1. (4.1.10)

n=1 n=1

We proved that (p™)m,>o is a bounded sequence of elements of (C’”O‘/ 2’2+°‘)N, and simi-
larly to what is done in [65, Proposition 2.2], we can extract a limit point (p,)i<n<ny €
(C1Fe/42+e/2\N “quch that p, /P (Y = n) is a density of probability and (p,)i<p<x solves

Problem (4.1.3).
Now, for each 1 < n < N, (pn)i1<m<n being regular, there exists a strong solution
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(Xt7 Y;f)tE[O,T] to the SDE

Xt Xo_l/tg—i_f( )ZZ 1pm(S’Xg)a(tX)2ds
0 6+Zm1f( m)pm(s, Xr)

/ \/6+f D et Pon(s, Xn)d(t,Xs)st-
e+ Yoy S (m)p(s, X7)

(4.1.11)

Moreover, for each 1 <n < N and t € [0, 7], the law of X;1y_, admits a density ¢,(t,-)
solving 0,q,, = Ly, ,qn, with initial data P,. The solution of this problem being unique

and given by p,, we conclude that ¢, = p, forall 1 <n < N. O

4.1.2 Uniqueness

Uniqueness is proved by first writing system (4.1.3)) in divergence form and then proving
the uniform ellipticity of the differential operator. For all u € C*(R x R, )N, we can

rewrite

0.[B* (u)u] = A®(u)0,u, (4.1.12)

where (Aik)lﬁn,kSN : ]Rf — RV¥XN s defined by

n - ,1<n<N, (4.1.13)
(e+ 25 f(Dw)?

A2 () =, SO = FR) + S () SO =0 (4114)
" " (e + X0 fDuw)? T

In these terms, PDEs (4.1.3) can be rewritten

(

Op = L0,00%A° (0)0p] + O4[(00,0 + J0?) BE(p)pl, (t.2) € [0,T] x R,

 pn/P (Y =n)is a probability density, (4.1.15)

pn(0,2) = Py(x), z € R;1 <n < N.

\

We recall the following result of [67, Proof of Proposition 2.3, Corollary B.3].
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Proposition 4.1.2. Let

N N
1 . 1
n=1,n#k n=1,n#k

Then for all 6 > 0,7 >0, u € (RL)N, U e IR and V € 1+, 1= (1)1<p<n.

(U4 V. (T + 6D A)(U +V)) > & {N =0 (1 + fcj) (1 + %)} 11z

s ( N2 (1 i J}“l%") n) I

where I = (Li—j)1<ij<n and J = (1)1<; j<n-

(4.1.17)

We prove the following result.

Proposition 4.1.3. Under Condition there exist a matrizx T € St and k > 0

such that for allu € RY and X € RY

(X, TA*(u)X) > k|| X||3. (4.1.18)

Proof. Tt =N w, = 0 then A*(u) = I and the result holds. Assume that 3% u, > 0

and set
_: Z;\il O 0.1 4.1.19
r €+Zfi1f(l)w€[’]' 4119)

Rewrite

F) SN (F() = f(n)w
(e+ X0, Fhw)?
F(n) S (F(1) = F(n)uy (4.1.20)
(0L, (D)

= (1—=p) A+ pBy(u) + p* A, (u),

AL (u) = By (u) + up

=1—p+pB(u) + p’uy,
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and

e(f(n) = f(k) + f(n) i, (f(D) = f(k))u
(e + S0, f(Dw)?
(f(n) — f(k))u,
S f(Dw

AL (u) = uy

= p(1—p) + 0 Api(w).

Define the matrix D € R¥*¥ by

D= (f(n)—f(k))un7 | <ntk<N,

;\;1 fD)w

and

S (f(n) = f(m))u
Dpp ==Y Dy, ==0=2_
mz;én Zl:l f(Dw

We see immediately that 25:1 Dy, =0, JD =0, and that

max | Doi(u)| < M
1<n, k<N fimin

In view of

T =B%u)—-1,1<n<N.

(4.1.21)

(4.1.22)

(4.1.23)

(4.1.24)

(1= p)(1+pBy) = Dup = (1= p)(1+ pBy(u)) — p(1 = p)(By,(u) —=1) =1 —p?, (4.1.25)

we find that

A (u) = p?A(u) + (1 = p*) + p(1 = p)D.

(4.1.26)

Set M := A%w) —1I. Forall1 <k < N, 2711\;1 M, = 0 according to [67, Proof of

Lemma 3.13] and therefore JM = 0. The previous equation can be written

Af(w) =1+ p°M + p(1 — p)D.

(4.1.27)

Exploiting the idea of [67, Proof of Proposition 2.3, we are going to show that for
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o€

(X

(0, 1) small enough, there exists £ > 0 such that for all X € R and u € (R%)Y

(X, (J + 01 A% (u) X

Let § € (0,1) and X € RY. We decompose

(J + 61) A% (u)

If (X, MX) <0, then using p € [0, 1],

If (X, MX) > 0 then

(X, (J + 61 A () X) > (X

L (J + 01 A*(u) X)) =

(X, (J+6DX) + p*6(X, MX) + p(1 — p)6(X, DX)

> (X, (] + 00X

) > K[| X3

= J 4+ 81 + p*0M + p(1 — p)dD.

= (X, (J + 61)A°X) + p(1 — p)d(X, DX).

)+ 8(X, MX) + p(1 — p)§(X, DX)

J(J+6DX) + p(1 = p)d(X, DX).

Write X = U + V where U € 1R and V € 1+. Then DU = 0 and

On the one hand,

(V,DV)

(X,DX

) = (V,DV) +

(U, DV).

— )y

Dy V2 unlf
Z " 21 zll D

n,k

—f) = (f(k) -

f

=Y D,V + n((
Z Zl Zl

N

:ZD

n=1

n,k

>

ot Un (f (k) =

1
F)VaVi

Sty f(Du
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(4.1.28)

(4.1.29)

(4.1.30)

(4.1.31)

(4.1.32)

(4.1.33)



where we used that ij:l Vi = 0 between the second and third line.

We estimate

N ) N N
D un(f(k) = HVAVe| = D uaVa Y (f(k) —
n,k=1 n=1 k=1
(4.1.34)
N N
< JZH%JZ PRIVIE.
n=1 n=1
Using that u,, >0 for 1 <n < N
N2
U
2int (4.1.35)
>l Q)
we readily conclude that
p(1 = p)5(V,DV) > =3B(f)IV3- (4.1.36)
shere 3(4) = ( st + 2o\, (70 = 7).
On the second hand, for all n > 0
p(1 = p)3(U, DV) = =5 mas (Dl N[V LIV
—0B(AVNIU V2 (4.1.37)
BN
> oM o — s pyav

Thus combining (4.1.36), (4.1.37)) and Proposition we infer in the case (X, M X) <

0
(X, + 0D A @)X) = [N s [( ;ZT:) (1 ; %) n %WH (el o
) (KO — B(f) — N? ( “;2 + 6(f>> n) V13-
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Condition yields ko > B(f) and we can choose

1 - max -
n<n. = 5(}% Nf(f)) (1 + ];min + ﬁ(f)) : (4.1.39)
and
N
§<o_(9):= . (4.1.40)
(EDIEREED
We check that with such choice, if (X, M X) <0
(X, (J+6DA*(u)X) > k_|| X|3, (4.1.41)
where
K_ := min (g [N— 4 {(1 + ”;méx> (1 + %) + %(f)” ,g(ﬁo - B(f))) > 0.
(4.1.42)
Now in the case where (X, M X) >0
)
(40D @) 2 ¥ [1- 002 1018
" (4.1.43)
+0[1=B(f) = BUHN ] IVII3-
Therefore, under Condition , 1> B(f), and we can choose
11—
<17+ =g ﬁ(ffj(\f];)’ (4.1.44)
and
6 < d4(n) =nB(f) (4.1.45)
Thus
(U+V,(J+6DHA (u)(U+V)) > k|| X35, (4.1.46)
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where

ol o

K. := min <N [1 - 5(f)5] - ﬁ(f)]) > 0. (4.1.47)

To conclude, take n < min(n_,n;) and 6 < min(d_(n),d.(n)), to obtain
(X, (J +01)A*(u) X) > &|| X]]3, (4.1.48)

where k := min(k_, k) > 0. O

We are now ready to prove uniqueness.

Proposition 4.1.4. Under Condition[f.0.1], there exists at most one solution in C'+/42+/2
to Problem (4.1.3).

Proof. Let p and g be two solutions in (C'*T®/42+e/2)N ' By integrating by parts, we have
the estimate
we see that 9,p,d,q € C(0,T,L*)N.

Let T' € S*F and x > 0 be given by Proposition 4.1.3} such that for all u € (R, )V

(X, TA*(u)X) > k|| X||3. (4.1.50)

Set p' = VTp and ¢ = VT'q. p’ and ¢ are in C'+/42t2/2 and their spatial gradient

in C(0,T, L?), and they solve respectively the system of PDEs

atp/ — %33;[0214’(]))39529/] + +3x[(03x0 + %OQ)B/<p)p/]a (t,l’) € [O7T] X R’ (4 1 51)

P,(0,2) = VTP, (x), s €R,1 <n < N,
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and

atq, _ %896[0214’((1)5&’] —+ 81,[((78370 -+ %UQ)B/(Q)QIL (tvaj) € [0>T] X R’ (4 1 52)

0,(0,2) = VT Py(z), s € R,1 <n < N,

where the operators A" and B’ are respectively defined by A’(u) := \/fAE(u)\/F_l and
B'(u) = \/fBE(u)\/f_l, u € (Ry)N. A’ satisfies the same coercivity property as A.

Indeed, for all X € R and u € (Ry)V
(VT X, VTA (VT VTX) = (X, TA () X) > &| X |2 > R|VTX|2,  (4.1.53)

where & := 5, (N +06)~" being the smallest eigenvalue of T'~1.

Multiplying (4.1.51)) by p’ — ¢’ and integrating gives for all ¢ € [0, T

/ (' —d o) = —% / (0.(p" —q'), A'(p)0up")

-/ (aaxa " %0) 0.0 — &), B'(o)p).

(4.1.54)

A similar equation holds for ¢’. Taking the difference with the previous equation and

integrating over [0, ¢] gives

]' / / 1 ! / / !/ / / /
3 [ 10— =5 [ [0 -a). 4000 - 2 @)
0

[ [ (00 35°) 00t 1. B0 - B o
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Rewrite the integrand of the first integral of the right-hand side as

(0.0 — ¢, A'(p)0up’ — A(@)0:q') = (0.0 — &), A'(P)0:(p' — ¢))
+ (0 = ¢), (A'(p) — A'(0))0:4")
> i) 0.(0" — )3
= Cllgllicrarzray [[0:(0" = @2l A'(p) — A'(q)|2-
(4.1.56)

Likewise for the second integral

00,0(0:(p" — ¢'), B'(p)p" — B'(9)q') = 00,0(0.(p" — ¢'), B'(p)(0 — ¢))
+00,0(0:(p' — ¢), (B'(p) — B'(9))d)
> —C|0.(p" = d)2lp" — d'll2

= Cllgllcrearzarayn |0:(0" = @Il B'(p) = B'(@)ll2,

(4.1.57)

where we used the boundedness of B'(p), o and 0,0.

We check easily the existence of a constant C' depending on I'; fiax, fmin and € such

that

1A' (p) = A'(@)l3 + 1B'(p) — B'(@)ll3 < Cllp' = ¢35 (4.1.58)
In the view of the upper-bounds
K 4
10:(0" = &)l A'(p) = A(@)ll2 < 110:(0" = @)z + —[14(p) — A3 (4.1.59)

K 4
10:(0" — &)2llp’ — d'll2 < <110:.(0" — &)|15 + ' = 73, (4.1.60)

and

100" = &)1 B'(0) = B'(@)ll2 < Z10:0 — a3 + %IIB’(p) - Bz (41.61)
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we conclude that for all ¢ € [0, 7] and some constant C' > 0

t
J 1 =1 < Cllonsassssnrs [ [ 107 = .
0

(4.1.62)

Gronwall’s inequality yields p’ = ¢’ a.e. on [0,7] x R and by continuity of p and g,

we have immediately that p = q.

4.2 Propagation of chaos

In this section, we prove the propagation of chaos and introduce an intermediate mollified

version of SDE (4.0.4). For each M > 1, let (XZ’M)izl,tzo be a particle system such that

the i-th particle starts at X and evolves according to the dynamics

;

. 15 + f(Yz) Zivzl W5M * ﬁn(t> jztl’M)
2 e+ 300 F(n)Wa,, * Bt X7M)

e+ [(Y9) S0y Wi, % Ban(t, Xi™)
€+ Zﬁf:l f(n)W5M * ﬁn(tv Xt%M)

P ()?fM cdrnNYi= n) = pu(t, z)dx,

dXM = o(t, XM)2dt

o(t, X\MYdB:,

where we denote

Wiy, * ¢(.Z‘) = /W5M ($ - y)¢(y)dy> o€ LQ(R)a r € R.

We introduce the PDE system associated to SDE (4.2.1))

(

op = %&m [02B=(W x p)p] + %&U [02Bs(W % p)p], (t,x) €[0,T] x R,

pn(0,2) = Py(z), v € R,

1<n<N.

\
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The existence of ()N(tZ ’M)lgig Mm>0 is ensured by the following proposition.

Proposition 4.2.1. If (P,)i1<n<n satisfies the assumption of Theorem then there
exists a strong solution (X™ p(t,))=0 to SDE [@.0.11). Moreover, (p,)1<n<n belongs
to the space (C1+/42+/2 )N C(0, T, L*)N and there exists a constant C' > 0 independent

of M and oy such that

N
> bnllerraararn < C, (4.2.4)
n=1
and
sup /Hﬁ—ﬁl!% < Céu, V2> 0. (4.2.5)
0<t<T

Proof. The existence of (p,)1<n<n and (X'Z’M)tzo, 1 <i < M, can easily be established by
noticing that the mapping ¢ € C'Te/42Fe/2 s Wi 5y € C1+/42+/2 i non-expansive
for the norm || - ||c1+a/a2+a/2 and by using the techniques of the proof of Proposition [4.1.1]
(see as well [65, Proposition 2.2]). The non-expansivity of the mentioned mapping makes
the estimate still valid and independent of d,;, and therefore is justified.
In order to establish (4.2.5]), we shall show that the proof of [65, Lemma 2.6] carries
to parabolic systems. Mimicking the computation of [65, Equation (2.8)], we can write

that the difference p — p solves the system

05— 7) = 0 A°()OLD — D] + 010:(p — ) + ax(p — ) + . (126)

where the matrix valued functions a;(¢,z) and as(t,x) are bounded, depend on p and
p, and the vector valued function ¢(¢,x) depends on p — W % p and its first and second

derivatives. Moreover, ¢ satisfies

> " sup [¢n(x)] < Céy, (4.2.7)

n=1 z€R

for some constant C' > 0 independent of §,,.

Next, we observe that under Condition 4.0.1] there exist I' € S+ and s > 0 such
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that for all X € RN

(X, DA(p)X) > x| X|}3 (4.2

Like in the proof of Proposition{4.1.4, set p' = v/I'p, o' = vTp, A'(p) = \/fAE(ﬁ)\/f_l,
= \/falx/f_l, ay = \/l:ag\/f_l and ¢ = VT'¢. With (£.1.53)), there exists & > 0 such

that for all X € RN

(X, A'X) > /|| X2 (4.2.9)

Moreover

3 [0 -p==3 [ [ -4 w06 -
//p_pal dt+//p P ax(p' —p))dt
// (=7, d)d

(4.2.10)

Using the boundedness of a}, af) and standard techniques, it is easy to see that for

some appropriate constant C' > 0 and for all ¢ € [0, T]

[ -5 o -7+ [0 Pl - 7)

y (4.2.11)
<% [lo. -+ c [ 113
In the view of the uniform coercivity of A’, and ¢’, and the estimate
N
[ =76y <> [u+i) = b, (42.12)
n=1

we conclude that there exists some constant C' > 0 such that for all ¢ € [0, T]]

/Hp = 05M+C/ /||p — 7'||3dt. (4.2.13)

The result is proved by applying Gronwall’s inequality and using the obvious inequality
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lp —pll2 < ||p" = P'||2, for some constant C' > 0 depending only on I" and independent of

On-

]

Let 1 <4 < M. To simplify the notation, we will drop the subscripts and superscripts

in 7 and M, and we denote 6 = dy;, W = W;,,, X = X', X = X, X = X and for

j £, X = XM and X7 = XM Denote Wy, * X,(z) = -+ Zj\il W;,, (z — X7) and

Wé{u * Xy (2) = 57 Z]]Vil f(Y)W;,, (x—X7). Under this notation, the volatility coefficients

of X, X and X are respectively given by

Y= f(Y)\/ S o(t, Xy),

e+ Wf * Xt(Xt>

e SO WPt X) o

3= = 0V o (t, X),
€+ Dt J()W s pu(t, Xy)

and

5, = \/8 ) S P X)L 3
e+ Yom, f(mpa(t, X))

Notice immediately that

sup f 2

0_2 1nff < 22’§2722 S ' 0-1-
inf f

Osupf -

(4.2.14)

(4.2.15)

(4.2.16)

(4.2.17)

In the rest of the section, we denote, for notational simplicity, by C any constant

depending on N, ¢, f, 09, 01, and |W}|.

The proof of Theorem requires the Propositions [4.2.2] and [4.2.3] below.

Proposition 4.2.2. Let 1 <i < M. Then for all T > 0.

E | sup (XM — XM)?| <
0<t<T

Cexp (CTs,7)
M 62, '
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Proof. According to the Burkholder-Davis—-Gundy inequality, for any s € [0, T

E LSJQES(Xt - 5@2} <CE[(X - X),|

_ C/OSIE [(zt - it)Z] dt.

(4.2.19)

For z € R and (U7)1<j<n € RM, we abbreviate & >3, W (z — UY) by W U(x) and

% Zj\il FYOW (z — U?) by W/ s U(x).

The boundedness ¥, 3, o and 9,0 gives for all t € 0,T]

2 -5 < O -5

e+ Wl Xi(Xy) e+ Sy SW * Bult, X)

<O >
e+ Wk Xy (Xy) e+ 0 Wk Bu(t, Xy)

+ Clo(t, X;) — o(t, X,)|
5+Wf*X(Xt) 5+Wf*Xt(Xt>

e+ WX (X)) et N Wk pu(t, Xy)
W X(X) e+ )W xpa(t X))
e+ N W pa(t, X)) e+ SN Wk Bu(t, X))

+C|Xt—)~(|

<C

(4.2.20)
+C

< C|W x X,(X,) — ZW*pntXt)

n=1

+C W Xy(X,) — Zf YW s D (t, X3)| + C| X, — Xy.

1

we will apply the estimate with f = 1 to treat the term E “W * Xy (Xy) — Zivzl W x pu(t, )?t)

Lett € [0,T]. After estimating the term E UWf ¥ Xy(X0) = SN F ()W o B, Xy)

)
Upper-bound

W Xi(Xi) = Y f)W % pa(t, Xo)

n=1

< (1) + (II) + (II0), (4.2.21)
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where each term (I), (IT) and (III) is respectively defined by

(1) = (Wf £ Xo(X,) — W X,(X)] (4.2.22)
(I1) = ‘Wf £ X, (X)) — W s (X)), (4.2.23)
and N
(I11) := 'Wf « Xo(X0) = > F)W x pu(t, X)) (4.2.24)
By using sup,eg [W'(2)| < &, we find
1 X _ . N N\’
E[(1)?] =E (— E|[fY)(W(X; - X]) = W(X; - X)) )
l [ M ; | | ] (4.2.25)
¢ v 12
< ﬁE [‘Xt — X ] .

Likewise
B[] =E [(% D FOW(X, = XE) = W(X, - Xi’))) ]
(i X0 )mQ)] (4.2.26)

< SE[x - X7,

¢ g

<
T 0tM

where we used that by symmetry E [|Xf — )?gﬂ =E [|Xt - )’Eﬂ forall j=1,..., M.

By independence of the (X7)1<j<um and using that

N FW * Bult.x) = E | f(Y))W (2 — )’Eg‘)] L 1<j£i<N, (4.2.27)

n=1
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we get

E [(II1)?] :/IE [(%Zf(Yj)W(x)?tj) ~E [f(Yj)W(x—f(f)D }

j#i (4.2.28)

x P ()A(/t € dx) .

Therefore

(4.2.29)

Making use of the bound sup,cp |W(z)| < §, we see that the second integral in the

right-hand side of (4.2.29) is dominated by

/E [f(Y)W(x . )N(t)r]P ()N(t c dx) < C/W(x —y)?P ()NQ e dx) P ()N(t e dy)
<&
<5
(4.2.30)

In estimating the first integral of (#.2.29)), we utilize the independence of the (X7)1<;<n,

for all z € R, which gives

E (% z?; (f(Yf')W(x -X{)-E [f(Yj)W(fE - 555)})) }
1 ; e
M—-1 o
- W\/ar (f(Y)W(I - Xt))
C
< .
- M2
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Putting together (4.2.25)), (4.2.26)) and (4.2.29)-(4.2.31)), we infer

2

N
e c . C -
E | |W! X, (X,) - ; FEW s palt, X0)| | < 755+ SE [[Xe— X2 (12.32)

Taking f = 1 leads to the same estimate for E UW * X,(Xy) = SN Wk pu(t, X,)

1

If we insert this in (4.2.20]) and use (4.2.19)), we obtain

~ t ~
E [sup (X, — XS)Q} < e + ¢ E [ sup (X — Xs)ﬂ dr. (4.2.33)

0<s<t M &t 0<s<r

Applying Gronwall’s inequality proves (4.2.18]) and concludes the proof of the propo-

sition. O

Proposition 4.2.3. Let 1 <i < M. Then for some constant C' > 0 independent of o

E { sup | XM — Xﬂﬂ < Coyy. (4.2.34)

0<t<T

Proof. In the same manner of (4.2.20]), for some constant C' > 0

o o~ -~ .
S-S => ‘W « u(t, X)) — palt, X)| + CI1X, — X,|. (4.2.35)
n=1

For all t € [0, T]

W s p(t, X)) — pu(t, X)

S(W“w%@p&)—ﬁAtXw

W, Ko) = W, Xo) (4.2.36)

—qw*@mfg_w*mmﬁg

Next, using the boundedness of the gradient of p,, we estimate the first two terms of
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the left-hand side of (4.2.36|) as follows

W * ﬁn(ta Xt) - ﬁn(t Xt)

< sup / Wa(y)pu(t, 2 — 8y) — pult, 2))dy

ver (4.2.37)
< Slinllcreenae [ loiWa(w)d,
and
W st Ko) = W e pu(t, X0)| < bl orrorarel Ko — Xl (4.2.38)

Therefore, there exists a constant C' > 0 independent of § such that

W s pu(t, Xy) —ﬁn(t,Xt)‘Jr‘W % Pu(t, Xo) — Wk po(t, Xp)| < C(64]X,— Xy|). (4.2.39)

For the last term of (4.2.36|), write

E UW *5n(t7 Xt) -W *ﬁn(tu )A(:t)

2] =é/|W* B — )

< lpllcrorsssorys [ W Fu=pF oo

< Hp||(cl+a/4,2+a/2)N / |'ﬁn _ﬁn|2
< ||p||(cl+a/4,2+a/2)zv5,

where we used Proposition [£.2.1]

Combining the previous estimate and (4.2.36) we deduce the existence of C' > 0

independent of ¢ such that

E[5,—a]] <C (52 +E “5{} —Xﬂ). (4.2.41)

Burkholder-Davis-Gundy inequality and Gronwall’s inequality yield

E { sup | X, — Xt|2} < Co. (4.2.42)

0<t<T
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We are now ready for the proof of Theorem |4.0.3|

Proof of Theorem[{.0.3. According to Propositions [£.2.2] and [£.2.3] above, there exists a

constant C' > 0 such that forall 1 <¢ < N

. N\ 2 —4
E [ sup (XZ’M — XZ’M) } < %M + Coyy.

2
0<t<T 5M

It is enough to choose (dpr)ar>1 such that limps oo dpr = 0 and
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Chapter 5

Neural joint S&P 500/VIX smile

calibration

In this article we tackle the problem of jointly calibrating an arbitrage-free model on the
Standard & Poor’s 500 Index (SPX) to SPX options, Chicago Board Options Exchange’s
Volatility Index (VIX) futures, and VIX options. This is known to be a difficult problem,
especially for short maturities, which had eluded quants for many years (see [50]). While
parametric models have produced approximate fits (see, e.g., [3, 8, @, 21} 36, [73], O,
97, 39, [99]), the first exact SolutionEI came with the nonparametric discrete-time model
of [50], whose minimum-entropy technique can be seen as a nonlinear optimal trans-
port approach. This approach was later extended to continuous time to produce jointly
calibrating nonparametric diffusive models [43], 48]. In this article, we also consider over-
parametrized diffusive models to solve the joint calibration problem, but rather than
casting it as a nonlinear optimal transport problem, we solve it using neural stochastic
differential equations (SDEs).

Neural SDEs, which have been introduced or used in [108, 64, [60, 40] 23] [71], are
of the nonparametric (or overparametrized) type: they are SDEs whose drift and diffu-

sion coefficients are chosen to be neural networks, depending on potentially many more

lin the sense that, as opposed to a best parametric fit, the numerical method converges to an exact
fit
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parameters than there are options and futures to calibrate to. By the universal approx-
imation theorem for neural networks, neural SDEs have the potential of approximating
any SDE. By minimizing a loss function over the many parameters, we build a diffusive
model that solves the joint calibration problem accurately, often within bid-ask spreads
in our numerical tests. In this article we only consider two-dimensional Markovian neural
SDEs. The first component X is the log-spot, while the second component Y drives
the instantaneous volatility together with X. The main benefit of overparametrization
is that it offers a lot of flexibility; the main drawback of our approach is the lack of
interpretability of the parameters and of process Y. Note, however, that even in popular
stochastic volatility models, such as the Bergomi models, the instantaneous volatility is
modeled as a function of (typically, Ornstein-Uhlenbeck) factors that do not have a clear

financial interpretation either.

Our main contribution is that we show that a general one-factor stochastic local
volatility (SLV) model can solve the joint calibration problem accurately, often within bid-
ask spreads in our numerical tests, provided we allow for enough flexibility on the drift and
diffusion coefficients, all functions of (¢, Xy, ;). Note that [43] uses an (n+1)-dimensional
SDE, where n is the number of calibrated VIX expiries, while the Schrodinger bridge
approach of [48] requires fine-tuning the volatility-of-volatility coefficient, which is not
optimized upon. Our model shows that the joint calibration problem can be accurately
solved with a two-dimensional Markovian SDE, regardless of the number of calibrated
VIX expiries, and with no need of choosing a volatility-of-volatility. Interestingly, the
joint calibration actually forces the SLV model to be a pure path-dependent volatility
(PDV) model, confirming the findings in [49]: the “spot-vol” correlation is pushed to
its lower bound —1. PDV models have recently been shown to be good candidates for

approximately solving the joint calibration problem [39] 55].

The natural practical application of our model is the pricing and hedging of struc-
tured products by exotics desks. With this model, the pricing and hedging of structured

products on the SPX indeed takes into account the whole information given by SPX
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smiles (the risk-neutral distributions of future SPX values) as well as the whole infor-
mation brought by VIX futures and VIX smiles (the risk-neutral distributions of some
future SPX implied volatilities). Once the model is calibrated overnight (3 hours in our
tests), it is extremely simple to implement and use, as it is a Markov model in very low

dimension (two).

The rest of this chapter is structured as follows. We describe our neural SDE model
in Section [5.1. The neural joint calibration procedure is explained in Section [5.2] Fi-
nally, implementation details and numerical results are reported in Sections [5.3] and

respectively.

This chapter is based on [56].

5.1 The model

Let (T} )1<j<ns (vesp. (T} )1<j<nz) be a collection of ordered SPX (resp. VIX) options
expiries. Define

T = max(Ty,, Txy +7), (5.1.1)

where 7 = 2% (30 days). We aim at building a model that jointly calibrates the SPX

smiles at (T7)1<j<n; and the VIX futures and the VIX smiles at (T7)i<j<ny. Let (S;)i>0
denote the price of the SPX. We assume deterministic interest rates r; and repo ¢,

inclusive of dividend yield, and for v > t we denote by

ftw = Spexp </u(rs - QS>d5) : (5.1.2)

the SPX w-forward at time ¢. We denote by X = (log S;/ fo+)i>0 the log-price.

We consider a general SLV model. Denote Y a stochastic process driving the volatility

together with X. The SLV model is initialized at (0, 0) at time 0 and follows the following
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risk-neutral dynamics for ¢t € [0, T:

dXt - _%UX(tv Xt7 )/t)th + UX<t7 Xt? i/t>dBtl7
dY; = ,uy(t, Xt, Y;)dt + UY(t, Xta }/t) (p(t> Xt> Yl;/)ng? (M)

+/1—p(t, Xy, Y2)?dBY)

where (B});>0 and (B?);>0 are two independent Brownian motions, ox is the volatility
of the log-price, py is the drift of Y and oy the volatility of Y, and p is the correlation
between the two Brownian motions driving the dynamics of X and Y.

In this Markov model, with classical notations, the VIX? at ¢ is given by

St+T

tt+1

2
7| = 2B [Xier - X1 7]

2
VIX? .= —=E {log
T

- E [Rt|Xt7 }/;f] =: U(t7 Xta }/;)7

where R,

1 t+1
R, = —/ ox(s, X, Ys)ds. (5.1.3)
t

T

is the realized variance over the 30-day period. The VIX is defined by VIX, = /VIXZ.

5.2 Neural calibration

Let D3P* = {(k,I°"X(T¢,k)) : k € K"*} be a collection of strikes and out-the-money
(OTM) implied Volatilitiesﬂ for the SPX at T7. Similarly, let DY™ = {(k, CV™(T7, k),
PYX(Ty k), '™ (T}, k)) : k € K™} be a collection of target strikes, call prices, put
prices, and OTM implied volatilities for the VIX at T}; the market VIX future at T}
is denoted fVIX(T}); P(t) = exp ( — fot rsds) denotes the price of the zero coupon of
maturity ¢ > 0.

For each strike £ and maturity ¢, we define the price of the call and put of strike k

2By OTM implied volatility we mean the implied volatility of the OTM call or put option. The
forward value is computed via call-put parity so that implied volatilities behave smoothly around the
money.
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and maturity t, respectively, under model as

Col(t, k) = P(O,)E (S, — k)4,
(5.2.1)
PY(t k) = P(O,E [(k — S,)4]

and we denote by ISPX(¢, k) the associated OTM implied volatility. Similarly, we denote
the prices of call and put options on the VIX for strike £ and maturity ¢ by
Co(t, k) = P(O,)E [(VIX; — k)],
(5.2.2)
PYX(t, k) = P(0,)E [(k — VIX,),].
The model price of the VIX future expiring at ¢ is defined as fVIX,,(t) = E[VIX;]. In
order to jointly calibrate Model to the smiles (DF™)1<j<ns and (D)Y™)i<j<ny and

J

to VIX futures, we look for

ox, iy, 0y, p € argmin L(ox, py, oy, p), (5.2.3)
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where the loss L is defined by

NY 2
1 =~ [ [VIX,(T})
(UXa Ky, Oy, p) WHVIX 77y N'U § : ( fVIX(Tf) )

S

1 1
+ wspx 5 ) TRsPY
Nf 2 577

2
ISPX(T3, k)
SPX (s m ’
X Z A (Tj’k) (]SPX(T]$ k) -1
kEKSPX ’

N’U
1

+ WVIX 77
NZ Z |D]VIX\ (5.2.4)

2
CVIX(Tv k)
VIX v m ]
x ), AT (m—l
ke KYIX
k>fVIXJm(T]?’)

N’U

1
+ WVIX 17 N Z | DVIX|

T j=1

2

; PVIX(Tv ]i])

X Z AVIX(T ]{;) (m — ].> 3
kGK]VIX

k< VX (TV)

for some positive weights w = (wpyix, wspx, wyix). Small bid-ask spreads are given more

importance through the weights

(5SPX(t, k)
ZlerPX X (t, 1) ’
5VIX(t’ k‘)
ZZGK\_/IX 5VIX(t, l)

ASPX (Ts k’) —

VR

(5.2.5)

AVIX(T;)7 ]{3) —

where 65PX (¢, k) (resp. §VX(t, k)) denotes the inverse of the bid-ask spread of the OTM
implied volatility ISYX(¢, k) (resp. IVX(t,k)). Notice that we calibrate the VIX OTM
call and put prices instead of the VIX implied volatilities. Indeed, model VIX futures are
needed to compute model VIX implied volatilities, and it makes no sense to minimize the
relative error of the VIX implied volatilities when the model and market VIX futures do

not closely match.

130



5.2.1 Loss approximation

We approximate the loss L by discretizing in time SDE (M) via the Euler-Maruyama
method. Let N > 1 be the number of Monte Carlo paths and At > 0 be the time step.

Denote t, = nAt, n € N. We choose At = where ¢ is an integer so that the ma-

_1
ax365

turities 77,77 € AtN. Let (AB,) and (AB}Y) be independent

1<4<N,0<t, <T 1<i<N,0<t, <T

samples of the distribution A/(0, At).

Model is approximated by the following scheme for t, < T and 1 <¢ < N

(

XZ"H - Xtin o %0X(tn7 Xtina Y;fln)2At + UX(tm Xtin? Y;tzn)ABtl:a
Vi, = Vi gyt X V)AL

+ oy (tn, X;, Y2 [ptn, X[, V7 )AB, ! (5.2.6)

/1= plta, Xi,, YE)2AB],
(X(i)v sz) = (07 O)

\

Setting the stock price an = f07tneXtin, the call and put prices are approximated by the

Monte Carlo estimators|

OSPX (L, k) = (Sf, = k)+,
! (5.2.7)
(k— Si)s.

==

-
Il

==

PIPX(t,, k) =

=1

We denote by IASmPX(tn, k) the associated model OTM implied volatility.

In this discrete-time approximation, the realized variance is given by

: At . ,

tn Stm <tn+T1

30ther Monte Carlo schemes, reducing the variance of the estimator, could of course be used here.
For the sake of simplicity, we use this basic MC estimator.
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and the VIX? is defined by
VIX; ,=E[R, |X; Y} ], 1<i<N. (5.2.9)
Let VIX?, ; be an estimator of VIX?N and define

VIX,, ;= \/ VIX?,, . (5.2.10)

The VIX call and put prices are estimated by

N
1
CVIX (1, k) (VIX i ) ,
v 2 (Vi — k),
= N (5.2.11)
1
PYX(t,, k) (k X )
( ) N ; V tn "
and the VIX future price is estimated by
FVIX, ( Z VIX,, ;. (5.2.12)

The loss function L in (5.2.4) is thus approximated by E(ax,uy,ay, p), which is
defined as in (5.2.4)) with fVIX,,, I5PX CVIX and PYIX replaced by fVIX 15PX CVIX

m? m

Ign\ilx, respectively and the discretized minimization problem reads

Ox,lly,0y,p € argminf(crx,,uy,ay,p). (P)

5.2.2 Neural parameterization and minimization of L

In order to tackle the minimization problem ([P]), we apply a gradient descent algorithm

and parameterize (o, py, oy, p) by neural networks. More precisely, let 6 be a collection
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of weights. Let &y : R3 — R*

Dy(t, z,y)
t
d2(¢, x,
Dy |z| €RP— olf:7:) € R, (5.2.13)
5 (t, z,y)
y
y(t, x,y)

be a neural network with r hidden layers of size [ and weights 6. The volatility of X and

Y being positive, and the correlation p lying in [—1, 1], we choose

(

ox = 1+ tanh(®p),

oy = 1+ tanh(®}),
(5.2.14)

Hy = q)ga

p = tanh(®j).

Note that as a consequence we enforce that ox and oy do not exceed 2E|

In order to apply a gradient descent algorithm, we need to compute the gradients 893
To this end, it is enough to compute the gradients 9,157X (¢, k), 9y X?, and 69\75(“;. The
gradient 0.I5F%(t, k) is computed by using the inverse function rule. We use backprop-
agation through iterations to compute ngtiﬁ The computation of the gradients

39\75@/,1‘ is examined in the next section.

5.2.3 Differentiable VIX?® estimator.

In order to use a gradient descent algorithm for the minimization of E, we need to estimate

the VIX in an efficient and differentiable way; in particular, we need to be able to compute

“We could have considered oy = (1 + tanh (®3)), where « is a trainable weight. This would allow
arbitrary large values for the volatility of Y. However, we notice numerically that taking o = 1 is enough
to jointly calibrate the SPX and VIX smiles. Using oy > 2 is not desirable as it may produce MC
estimators with a very large variance.

®Backpropagation requires O(l) memory space and takes O (I) time, where [ = Alt is the number of
time steps in the Euler-Maruyama scheme . A more memory-efficient approach in O(1) memory
space and O(llog!) in time can be applied by following an adjoint method [71], 84]. However, this method

requires smaller time steps.
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89\75(,571'. Various methods are available to estimate
VIX; ,=E[R | X; Y. ]. (5.2.15)

e Kernel regression. For W : R — R, a kernel and hx, hy > 0 two bandwidths, a

VIX? estimator is given by

E;V: 1 R{ Wij

@t,i — N
Zj:l VVij

o Wy = WX = X)) b+ (Y = YY) hy)). (5.2.16)

Optimal bandwidths are typically chosen by cross-validation to ensure the best
tradeoff between bias and variance. Kernel methods implemented using the classical
acceleration techniques [54] are extremely efficient in one dimension, but the curse
of dimensionality decreases their efficiency in higher dimensions and may lead to

high-variance estimators.

e Linear least squares. Let d € N and Ry[X, Y] = {[X*Y!)o<1i<q-a : @ € R™} be
the space of bivariate polynomials of degree at most d, m being the dimension of
this real vector space and [X*Yg<t1i<4-a denoting the polynomial with coefficients
o, namely >, ., <d Ok X ky't. The VIX? estimator minimizing the quadratic error is
given by

VI, = (XA (V) ossica - o, (5.2.17)

where
2

N
x : 1 i ik (Vi .
a” € argminsepm E (R} — [(X)* (Y] -a")". (5.2.18)
i=1

This method is memory efficient and the estimator has a low variance, by appro-

priately solving the normal equation AT Ao = AT R where R = (R!);<;<y and

A= [(X)"(Y) h<ieno<hri<a € RV (5.2.19)
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Indeed, let A = QS be the QR decomposition of A, ) being orthogonal and S

upper triangular. A solution a* is given by solving the triangular equation
Sa* = Q' R. (5.2.20)

Computing the @ R decomposition and solving triangular equations are numerically
stable operations and can be made differentiable. Notice that solving the normal
equation by inverting the matrix AT A + ely requires choosing the regularization
parameter € > 0 (again by cross-validation for example). The choice of a basis of
monomials is arbitrary; other orthogonal polynomials or transformations of X and

Y can be used.

e Nested Monte Carlo. Let M € N*. The nested Monte Carlo estimator is

M
VIX?,,; = Z (X7, V) (5.2.21)

where (R} (z,y))1<j<m are M independent samples of the realized variance given
that (X},Y}") = (z,y). This estimator is numerically stable and for large enough
M has very low variance. However, it requires a lot of computational resources.

The nested Monte Carlo methods can be made differentiable by backpropagating

the gradients through the scheme (/5.2.6]).

e Partial differential equation. Notice that

2
VIX(@,y) = == (B[Xi- [ X; = 2,Y; = y] - 7). (5.2.22)
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The conditional expectation E [X;,,|X;,Y;] can be computed by solving the bidi-

mensional backward parabolic equation

Ou + 50%02,u + 30502, u + 2pox 0y Oz u — 50505t + py yu = 0, ( |
5.2.23

u(t+ 71, z,y) =z,

This equation can be solved numerically by alternating direction implicit (ADI)
method for example (see [35]). This method is the most accurate and can be
made differentiable by computing the gradients through the solver. However, the
algorithm is computationally intensive and requires the crucial selection of the dis-

cretizing grid and boundary conditions.

We find that a good compromise between accuracy and memory usage is to choose
the least squares method. The advantages of this method over nested Monte Carlo
have already been highlighted in Guo and Loeper [41]. Their work gives confidence
bounds for VIX futures and VIX options by computing simultaneously estimators of
VIX? = E[R;|X;,Y;] and of the stochastic integral R —E [R;|X;, Y;], which represents the
model hedging strategy. While we were able to reproduce their numerical results for the
Heston model, we could not obtain tight bounds for our neural SDE model. Therefore,
once our model has been calibrated, in order to check the accuracy of the least squares
method, we compare the VIX and VIX smile obtained with the least squares method
with those estimated with the (slow) nested Monte Carlo algorithm, which is known to

be very accurate as soon as N and M are large enough.

Remark 5.2.1. Contrary to nested Monte Carlo, least squares can lead to negative VIX?
estimates. For the calibrated model, this happens in less than 0.01% of the simulated
paths. To deal with this issue, one can clip V]?(fz by a small positive value h and define
the estimator

VIX?,; = max (h, o - [(X])* (V) o<kri<a) - (5.2.24)

This solution implies the arbitrary choice of h. We rather use filtering. An expectation
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E[G(VIX})] is estimated by
~ 1 —
E [G(VIX,)] = il Y a (\/ VIXQM-) , (5.2.25)

where [ :== {1 <i < N : V[XQM > 0}. For our joint calibration problem, both methods

induce a very small bias for the estimator (see Figure .

5.2.4 Algorithms

In this section, we provide the main algorithms used to calibrate Model : the training
loop and the differentiable VIX computation, respectively described in Algorithms [2| and

[} For brevity, we assume the existence of the following procedures.

1. (X4, 00 X1, Ye,, 00Ys,, Ry, Og Ry, )o<t, <1 < Euler(At, T, Xo, Yy, 0, ABy, ABs).
The inputs are a step size At, a final time T', N initial data (Xo, Yy) = (X§, Y§)1<i<n
at time 0, the weights 6 of the neural network ®4 and Brownian increments A B; and
ADB5. The procedure returns the value of X, Y at times ¢, = nAt and the realized
variance R (5.2.8]), along with the gradients of these quantities with respect to
0, after % iterations of Euler-Maruyama scheme with the previous input

parameters. The gradients are computed efficiently by backpropagation through

the solver.

2. 6 < GradientDescent (6, 0yL,Ir).
This procedure updates the weights 6 along the gradients 0y L, with learning rate
Ir and according to a gradient descent stepper (stochastic gradient descent, Adam,

Adagrad, etc.).

3. Q,04Q,S,045 < DecompositionQR(A).

It computes the QR decomposition of a matrix A and the gradients 04 and 045.

4. x,0ax,Opx < SolveTriangular(A,b).
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It solves the triangular equation Ax = b with unknown x and the gradients dax

and Oyx of the solution z with respect to A and b.

5. L, 89.[/ — COMPUTEL(T, (th7 89th>0§tn§T, (@T]@), 89\75(7“]?)1375]\[%, w)
Finally, this function computes the loss and its gradient with respect to 6. Its

implementation is only a matter of differentiating directly L.

Algorithm (1| describes the differentiable VIX computation by polynomial regression.
The input d is the degree of the polynomials in the linear regression. The output are the

estimated VIX and estimated gradients 9y VIX.

Algorithm 1 Differentiable VIX least squares estimator
function coMPUTEVIX(Xy, 0y Xy, Y:, 0pYs, Ry, Og Ry, d)

A (XYM <ien0<kri<d

Q,04Q,S,045 < DECoMPOSITIONQR(A)

o*, Osa*, grra* < SOLVETRIANGULAR(S, QT R;)
Do < OpA [0450sa” + 04Q RyOgr ger*|

VIX® +—a* - A

g VIX? — a*OpA + Dpa* A

VIX, 9y VIX + VVIXZ, j@fv—%

return VIX, 9,VIX

end function

Algorithm [2| describes the training of the model. Its inputs are the weight of @y, the
time step At, the weight w = (wpyix, wspx, wyix) for the loss E, the degree d of the
polynomials in linear regression , the learning rate [r of the gradient descent and
Brownian increments AB' = (AB,}")1<icno<t,<r and AB? = (AB}")1<icno<i,<r- The

output is the updated weight 6.
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Algorithm 2 Training step
function TrainN(6, N, At,w, d,Ir, AB*, AB?)

(X4, 00 X1, Ys,, 00Ys,, Ry, Og Ry, Jo<t, <T < EULER(AL, T,0,0,0, AB;, AB,).
for j <1 to N; do

@(szu, 89\75{@@ — COMPUTEVIX(XT;J, 89XTJ¢U, YTJ’_U, 89YT]¢J, RT]p, 89RTJ¢U, d)
end for
L,0yL <+ CompuTEL(T, (X4, , 09 X4, o<t <T, (@(T]p, 89\75(ij)1§]-§]\;%, w).
0 < GRADIENTDESCENT(0, 0y L, (1)
return 6

end function

5.3 Numerical implementation and data

In this section we provide details of the implementations of Algorithms 1 and 2. Market
data was obtained from the IvyDB Optionmetrics database, available through Wharton
Research Data Service ]

We used Pytorch and Nvidia Tesla V100 GPUs for auto-differentiation and backprop-
agation. The Euler procedure is implemented using the torchsde library |71, 84]. The
number of Monte Carlo paths is N = 150,000 and the time step is At = 0.5/365 (half
a day). ®p is a feedforward neural network with » = 1 hidden layer of width [ = 16.
We recall that the activation functions for the hidden layers are hyperbolic tangents and
that the output layer is taken without activation. We use the Adam algorithm to perform
the gradient descent. The learning rate [r is taken equal to 0.001. Implied volatilities
are computed by solving a root finding problem using Brent’s method. The choice of
the weights w = (wpvix, wspx, wyix) is crucial. The VIX future should be very precisely
calibrated since it is the underlying of VIX options, and also for the comparison of model

and market VIX implied volatilities to be meaningful. Therefore, wsyix should be rela-

Shttps://wrds-www.wharton.upenn.edu/login/7next=/pages/get-data/optionmetrics/
ivy-db-us/options/option-prices/
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tively large. The weights are taken as (wpyvix, wspx, wyix) = (30,2, 3). The degree of the
polynomial for the VIX? regression was taken to be d = 8; both too low a degree (large
bias, underfitting) and too high a degree (large variance, overfitting) may lead to a poor
VIX? estimation.

Finally, the nested Monte Carlo VIX? estimator used M = 15,000 nested paths and
the Monte Carlo estimators of VIX payoffs are computed with N’ = 20,000 trajectories.

The code is available online. [

5.4 Numerical results

We calibrate to market data as of October 1, 2021. We consider respectively N7 = 8 and
N} = 8 weekly and monthly SPX and VIX maturities listed below in Figures and
, spanning 9 months of SPX options and 6 months of VIX optionsﬁ On each figure,
the market bid-ask is plotted. The SPX smiles and the VIX futures and VIX smiles are
well calibrated, often within bid-ask spreads. In Figure [5.5.2] the calibrated VIX smiles
are computed using the nested Monte Carlo estimator . The figure also allows us
to verify the accuracy the least squares estimator .

The surfaces of the calibrated ox(¢,-,-), oy (t,-,-), puy(t,-, ) and p(¢,-,-) are plotted in
Figures [5.5.9] [5.5.4] and [5.5.5] for ¢t = October 13, 2021, November 13, 2021 and January

13, 2022, respectively. The red scatter plot on the surface shows the values taken at MC
samples (X7, Y/)1<i<n defined by (5.2.6). The SPX volatility ox is mostly an increasing
function of Y, so Y plays a role similar to the instantaneous volatility ox, but it also
depends on X— it mostly decreases with X. The volatility of Y, oy is saturated at 2. We
deliberately capped oy at 2 to control the variance of MC estimators and see if market
data could be calibrated without pushing the “vol-of-vol” gy too high. The correlation p

is thus —1 almost everywhere, so as to match the large negative SPX market skews; the

"https://archive.softwareheritage.org/browse/origin/directory/?origin_url=https:
//github.com/intermet/neural-spx-vix-calibration-sh
8Qur data set does not contain option data with longer maturities.
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fact that ox decreases with X contributes as well. Therefore only one Brownian motion
drives (most of) the model dynamics and the model is (almost) purely path-dependent.
This confirms the findings in [49], and that PDV models are natural candidates for solving
the joint calibration problem [39, 55]. The drift py is essentially a fast decreasing linear
function of Y: our neural SDE procedure learns (from scratch) that the volatility factor
Y is fast mean-reverting, with a time-dependent characteristic scale of mean reversion
varying from around 2 days (for small ¢) to around 7 days (for ¢ around 6 months); see
Figure . Since our neural net takes directly (¢,z,y) as input and only uses smooth

activation functions, the surfaces are smooth and vary smoothly with time.

When we initialize the neural network with random weights, the calibration takes
a long time (36 hours). However, initializing the neural network with the parameters
calibrated on the day before greatly speeds up the calibration process, which then takes
only around 3 hours to calibrate on the next business day; the calibration can thus
run overnight. The computation time is also reduced by considering less maturities.
To calibrate to one monthly VIX maturity (October 20, 2021) and two monthly SPX
maturities (October 15 and November 19, 2021), only 4 hours are needed with random

initialization (compared to 11 hours reported in [43]).
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5.5 Conclusion

In this chapter, we have shown that a one-factor SLV model can jointly calibrate to
SPX and VIX smiles and VIX futures for many maturities, provided enough flexibility is
allowed on the SDE coefficients, which we model as neural networks. The calibrated model
is actually a one-factor PDV model with a fast mean-reverting path-dependent factor Y
which depends only on past SPX returns. Our work thus illustrates the expressivity of
neural SDEs by solving the joint calibration problem with good accuracy for multiple
maturities, and provides yet extra reasons to use PDV models for pricing, hedging, and

risk-managing derivatives.
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